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UNBOUNDED DERIVATIONS, FREE DILATIONS AND
INDECOMPOSABILITY RESULTS FOR II1 FACTORS
YOANN DABROWSKI AND ADRIAN IOANA
Abstract. We give sufficient conditions, in terms of the existence of unbounded derivations
satisfying certain properties, which ensure that a II1 factorM is prime or has at most one Cartan
subalgebra. For instance, we prove that if there exists a real closable unbounded densely defined
derivation δ : M → L2(M)⊗¯L2(M) whose domain contains a non-amenability set, then M is
prime. If δ is moreover “algebraic” (i.e. its domain M0 is finitely generated, δ(M0) ⊂ M0 ⊗M0
and δ∗(1 ⊗ 1) ∈ M0), then we show that M has no Cartan subalgebra. We also give several
applications to examples from free probability. Finally, we provide a class of countable groups
Γ, defined through the existence of an unbounded cocycle b : Γ → C(Γ/Λ), for some subgroup
Λ < Γ, such that the II1 factor L
∞(X) ⋊ Γ has a unique Cartan subalgebra, up to unitary
conjugacy, for any free ergodic probability measure preserving (pmp) action Γy (X,µ).
1. Introduction and statement of main results
1.1. Background. A central theme in the theory of von Neumann algebras is to investigate
various decompositions of II1 factors, such as tensor product and Cartan decompositions. Recall
that a II1 factor M is prime if it cannot be written as the tensor product M = M1⊗¯M2 of two
II1 factors. Also, a maximal abelian von Neumann subalgebra A ⊂ M is a Cartan subalgebra if
its normalizer, NM (A) = {u ∈ U(M)|uAu∗ = A}, generates a weakly dense subalgebra of M .
The general goal of this paper is to provide new classes of II1 factors that are prime and have at
most one Cartan subalgebra. We start by giving a short history of results of this type.
In [Po83], Popa proved that uncountable free groups give rise to II1 factors that are prime and
do not have Cartan subalgebras. The first examples of separable such II1 factors were obtained
in the mid 90s as an application of free probability theory. Thus, Voiculescu showed that any II1
factor admitting a generating set whose free entropy dimension is greater than 1 has no Cartan
subalgebra [Vo95]. In particular, the free group factors, L(Fn), with 2 6 n 6 ∞, do not have
Cartan subalgebras. Subsequently, Ge proved that the free group factors are also prime [Ge96].
During the last decade, Popa’s deformation/rigidity theory has generated spectacular progress
in the study of II1 factors. In particular, it has led to the first classes of II1 factors that have
a unique Cartan subalgebra, up to unitary conjugacy. We highlight here three major advances
in this direction and refer the reader to the surveys [Po07, Va10, Io12b] for more information.
In [Po01] Popa showed that any II1 factor has at most one Cartan subalgebra which satisfies a
certain combination of deformation and rigidity properties. Later on, Ozawa and Popa found the
first class of II1 factors that have a unique arbitrary Cartan subalgebra [OP07]. More precisely,
they showed that any II1 factor L
∞(X) ⋊ Fn arising from a free ergodic profinite pmp action
Fn y (X,µ) of a free group Fn (2 6 n 6 ∞) has a unique Cartan subalgebra, up to unitary
conjugacy. Very recently, Popa and Vaes vastly generalized this result by proving that it holds
for any free ergodic pmp action Fn y (X,µ) [PV11].
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In the last ten years, the primeness and absence of Cartan subalgebras of the free group factors
[Vo95,Ge96] have been generalized and strengthened in many ways. Firstly, Ozawa proved that
II1 factors arising from hyperbolic groups Γ are solid: the relative commutant A
′ ∩ L(Γ) of any
diffuse subalgebra A ⊂ L(Γ) is amenable [Oz03]. In particular, L(Γ) and all of its non-amenable
subfactors are prime. Secondly, using a technique based on closable derivations, Peterson was able
to show that II1 factors arising from groups with positive first ℓ
2-Betti number are prime [Pe06].
Using his deformation/rigidity theory, Popa then found a new proof of solidity for L(Fn) [Po06b].
Popa’s approach relies on the remarkable discovery [Po06a] that the presence of spectral gap can
be viewed as a source of rigidity. This spectral gap rigidity principle has since been the catalyst
behind many developments in deformation/rigidity theory. Thus, it was a crucial ingredient in
the finding of II1 factors with a unique Cartan subalgebra [OP07, PV11]. In [OP07], Ozawa
and Popa used the spectral gap rigidity principle to show that the free group factors enjoy a
structural property, called strong solidity, which strengthens both solidity and absence of Cartan
subalgebras: the normalizer of any diffuse subalgebra A ⊂ L(Fn) is amenable. Also using Popa’s
spectral gap rigidity principle, Chifan and Sinclair showed that, more generally, the group von
Neumann algebra of any icc hyperbolic group is strongly solid [CS11].
1.2. Statement of main results. In this paper, we use Popa’s deformation/rigidity theory to
prove primeness and absence/uniqueness of Cartan subalgebras for II1 factors in the presence of
unbounded closable derivations satisfying certain regularity properties.
Our first result shows that if a non-amenable II1 factorM admits a closable unbounded derivation
into its coarse bimodule which has a “large” domain, then M is prime. To make this precise,
let us introduce a definition. If M is a II1 factor, then we say that a finite set S ⊂ M is a
non-amenability set if there exists a constant K > 0 such that ‖ξ‖2 6 K
∑
x∈S ‖xξ − ξx‖2, for
every vector ξ ∈ L2(M)⊗¯L2(M). Note that by Connes’ theorem [Co76], M is non-amenable if
and only if it admits a non-amenability set.
Theorem 1.1. Let M be a non-amenable II1 factor and M0 be a weakly dense ∗-subalgebra
which contains a non-amenability set for M . Assume that there exists a real closable unbounded
derivation δ :M0 → (L2(M)⊗¯L2(M))⊕∞.
Then M is not L2-rigid. In particular, M is prime and does not have property Gamma.
Recall that if H is an M -M bimodule, then a map δ : M0 → H is a derivation if it verifies that
δ(xy) = xδ(y) + δ(x)y, for all x, y ∈M0. We say that δ is bounded if supx∈M0, ‖x‖61 ‖δ(x)‖ <∞.
Note that δ is bounded if and only if it is inner, i.e. there exists ξ ∈ H such that δ(x) = xξ− ξx,
for all x ∈M0 (see the proof of [Pe04, Theorem 2.2]). Also, recall that a II1 factor M has property
Gamma of Murray and von Neumann [MvN43] if there exists a sequence un ∈ U(M) such that
τ(un) = 0, for all n, and ‖unx− xun‖2 → 0, for all x ∈M .
A II1 factor M is L
2-rigid in the sense of Peterson [Pe06] if any semigroup φt = exp(−tδ∗δ¯)
arising from a real closable densely defined derivation δ into a multiple of the coarse bimodule
converges uniformly to idM on the unit ball of M , as t→ 0. By [Pe06] if a II1 factor is not prime
or has property Gamma, then it is L2-rigid. On the other hand, if an icc group Γ admits an
unbounded cocycle b : Γ → ℓ2(Γ)⊕∞, then L(Γ) is not L2-rigid [Pe06]. Theorem 1.1 generalizes
this fact and provides new examples of non-L2-rigid factors.
Note that if M0 does not contain a non-amenability set for M , then Theorem 1.1 fails in general
(see Remark 4.2).
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By [Vo95,Ge96], II1 factors which admit a set of generators whose microstates free entropy is
finite, χ(X1, ...,Xn) > −∞, do not have property Gamma, are prime and do not have Cartan sub-
algebras. In [Vo98] Voiculescu introduced a non-microstates free entropy χ∗(X1, ...,Xn). The two
entropies satisfy χ 6 χ∗ by [BCG03] and are believed to be equal, whenever Connes’ embedding
conjecture holds. Nevertheless, unlike its microstates counterpart, the non-microstates free en-
tropy has not yet found applications to von Neumann algebras. In particular, it is as open problem
whether the above indecomposability results hold under the assumption χ∗(X1, ...,Xn) > −∞. In
this direction, it was shown in [Da08] that if the assumption that χ∗(X1, ...,Xn) > −∞ is replaced
with the stronger assumption that the free Fisher information is finite Φ∗(X1, ...,Xn) <∞, then
the von Neumann algebra M generated by {X1, ...,Xn} is a II1 factor without property Gamma.
In this paper, we show that if we further strengthen the condition Φ∗(X1, ...,Xn) < ∞ then we
can conclude that M is prime and does not have a Cartan subalgebra. Firstly, as a consequence
of Theorem 1.1 we deduce the following.
Corollary 1.2. Let (M, τ) be a tracial von Neumann algebra which is generated by n > 2
algebraically free self-adjoint elements X1, ...,Xn. Assume that either
• Jp(Xi : C〈X1, ...,Xi−1,Xi+1, ...,Xn〉) exists and belongs to M , for all p ∈ {1, 2} and every
i ∈ {1, ..., n}, or
• Φ∗(X1, ...,Xn) <∞ and n > 3.
Then M is a non-L2-rigid II1 factor. In particular, M is prime and does not have property
Gamma.
To recall the definition of the p-th order conjugate variable ξp,i = Jp(Xi : C〈X1, ...,Xi−1,Xi+1, ...,Xn〉),
for p ∈ {1, 2}, let M0 be the ∗-algebra generated by X1, ...,Xn. Let δi :M0 → L2(M)⊗¯L2(M) be
the partial free difference quotient derivation given by δi(Xj) = δi,j1⊗1. Then the first and second
order conjugate variables are defined as ξ1,i = δ
∗
i (1⊗1) ∈ L2(M) and ξ2,i = δ∗i (ξ1,i⊗1) ∈ L2(M),
whenever these formulas make sense (see [Vo98, Definition 3.1]). If the first order conjugate
variables ξ1,i exist, then the free Fisher information is given by Φ
∗(X1, ...,Xn) =
∑n
i=1 ‖ξ1,i‖22.
Corollary 1.2 implies that if X1, ...,Xn are self-adjoint elements of a tracial von Neumann algebra
(M, τ), for some n > 2, and S1, ..., Sn ∈ M are free semicircular elements which are free from
X1, ...,Xn, then X
ε
1 = X1 + εS1, ...,X
ε
n = Xn + εSn generate a prime II1 factor, for any ε > 0.
Indeed, by [Vo98, Corollary 3.9] Xε1 , ...,X
ε
n satisfy the above assumption on conjugate variables.
Moreover, by using [Io12a], we can show that the II1 factor generated by X
ε
1 , ...,X
ε
n does not have
a Cartan subalgebra (see Theorem 6.1). Note that in the case the von Neumann algebra generated
by {X1, ...,Xn} is embeddable into Rω, the last two facts follow from [Vo95, Vo97,Ge96]. See
Section 6 for indecomposability results for more general “regularized” algebras.
Secondly, by assuming a Lipschitz condition on conjugate variables [Da10b, Definition 1] we are
able to deduce absence of Cartan subalgebras.
Theorem 1.3. Let (M, τ) be a tracial von Neumann algebra which is generated by n > 2 alge-
braically free self-adjoint elements X1, ...,Xn. Let M0 be the ∗-algebra generated by X1, ...,Xn.
For 1 6 i 6 n, denote by δi :M0 → L2(M)⊗¯L2(M) the free difference quotient δi(Xj) = δi,j1⊗1.
Let δ = (δ1, ..., δn) : M0 → (L2(M)⊗¯L2(M))⊕n and δ¯ be the closure of δ. Assume that 1 ⊗ 1 is
in the domain of δ∗i and denote ξi = δ
∗
i (1 ⊗ 1). Moreover, assume that ξi is in the domain of δ¯
and δ¯(ξi) ∈ (M⊗¯Mop)⊕n , for all 1 6 i 6 n. Here, Mop denotes the opposite algebra of M , and
we consider the inclusion M⊗¯Mop ⊂ L2(M⊗¯Mop) ∼= L2(M)⊗¯L2(M).
Then M is a II1 factor which does not have a Cartan subalgebra. Moreover, M⊗¯Q does not have
a Cartan subalgebra, for any II1 factor Q.
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Theorem 1.3 generalizes a result of [Da10b] where by using microstates free entropy techniques
and [Vo95,Sh07] it was shown that ifM is embeddable into Rω then it has no Cartan subalgebras.
In the second part of this paper we establish absence or uniqueness of Cartan subalgebras for II1
factors M admitting certain unbounded “algebraic” derivations.
Firstly, we show that, under fairly general conditions, the existence of a finitely generated weakly
dense ∗-subalgebra M0 ⊂M , a von Neumann subalgebra B ⊂M , and an unbounded derivation
δ : M0 → L2(〈M,eB〉) such that δ(M0) ⊂ span (M0eBM0) implies that M has no Cartan
subalgebras (see Theorem 7.1). Here, 〈M,eB〉 denotes Jones’ basic construction.
Let us state two corollaries of this result. By Theorem 1.1 if a II1 factor M admits a closable
unbounded derivation δ : M0 → L2(M)⊗¯L2(M) whose domain contains a non-amenability set,
then it is prime. We believe that the existence of such a derivation δ should also imply that M
does not have a Cartan subalgebra. However, proving this seems out of reach with the methods
that are currently available. Nevertheless, as a consequence of Theorem 7.1 we are able to confirm
this conjecture if δ is algebraic.
Corollary 1.4. Let M be a non-amenable II1 factor and M0 ⊂M be a finitely generated weakly
dense ∗-subalgebra which contains a non-amenability set for M . Assume that there exists a real
unbounded derivation δ : M0 → L2(M)⊗¯L2(M) such that δ(M0) ⊂ M0 ⊗M0, 1 ⊗ 1 is in the
domain of δ∗ and δ∗(1⊗ 1) ∈M0.
Then M does not have a Cartan subalgebra.
Corollary 1.4 generalizes part of [Io12a, Corollary 1.5]. Indeed, it implies that the free product
M = M1 ∗ M2 of any two finitely generated II1 factors does not have a Cartan subalgebra.
However, we are unaware of any example of a II1 factor which satisfies the hypothesis of Corollary
1.4 and is not essentially a free product (see also Remark 3.5). Note that if M is embeddable
into Rω, then Corollary 1.4 also follows from [Sh07].
As a consequence of Theorem 7.1 we also provide a general criterion for absence of Cartan
subalgebras in amalgamated free product II1 factors.
Corollary 1.5. Let (M1, τ1) and (M2, τ2) be tracial von Neumann algebras with a common von
Neumann subalgebra such that τ1|B = τ2|B and denote M = M1 ∗B M2. Assume that there exist
unitary elements u ∈ M1 and v,w ∈ M2 such that EB(u) = EB(v) = EB(w) = EB(w∗v) = 0.
Suppose that either uBu∗ ⊥ B or vBv∗ ⊥ B.
Then M is a II1 factor, does not have a Cartan subalgebra and does not have property Gamma.
For the definition of the amalgamated free product of tracial von Neumann algebras, see [Po93]
and [VDN92]. Following [Po83], we say that two von Neumann subalgebras B1, B2 of a tracial
von Neumann algebra (M, τ) are orthogonal if τ(b1b2) = τ(b1)τ(b2), for all b1 ∈ B1 and b2 ∈ B2.
Finally, we provide a new class of II1 factors that have a unique Cartan subalgebra, up to unitary
conjugacy. By [PV11, Definition 1.4] a countable group Γ, whose every free ergodic pmp action
Γ y (X,µ) gives rise to a II1 factor with a unique Cartan subalgebra, is called C-rigid (Cartan
rigid). In a recent breakthrough, Popa and Vaes proved that all weakly amenable groups with a
positive first ℓ2-Betti number and all non-elementary hyperbolic groups are C-rigid [PV11,PV12].
Most recently, it was shown in [Io12a, Theorem 1.1] that any amalgamated free product group
Γ = Γ1 ∗Λ Γ2 such that [Γ1 : Λ] > 2, [Γ2 : Λ] > 3, and ∩mi=1giΛg−1i is finite, for some g1, ..., gm ∈ Γ,
is C-rigid.
Our next result gives a cohomological criterion, in terms of the existence of a certain unbounded
algebraic cocycle, for a group Γ to be C-rigid.
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Theorem 1.6. Let Γ be a countable icc group, Λ < Γ be a subgroup and assume that there exists
an unbounded cocycle b : Γ→ C(Γ/Λ) satisfying b|Λ ≡ 0. Additionally, assume that
• ∩mi=1giΛg−1i is finite, for some g1, g2, ..., gm ∈ Γ,
• there exists an increasing sequence {Γn}n>1 of finitely generated subgroups of Γ such that
∪n>1Γn = Γ and b(Γn) ⊂ C(ΓnΛ/Λ), for all n > 1,
• L(Γ) does not have property Gamma and Λ is not co-amenable in Γ.
Then L∞(X) is the unique Cartan subalgebra of L∞(X) ⋊ Γ, up to unitary conjugacy, for any
free ergodic pmp action Γy (X,µ).
Since amalgamated free product groups admit such algebraic cocycles, this theorem generalizes
[Io12a, Theorem 1.1] recalled above. Moreover, it leads to new examples of C-rigid groups.
Corollary 1.7. Let G be a countable group, Λ < G be a subgroup, and θ : Λ → G be an
injective group homomorphism such that Λ 6= G and θ(Λ) 6= G. Denote by Γ = HNN(G,Λ, θ) the
corresponding HNN extension. Assume that ∩mi=1giΛg−1i is finite, for some g1, g2, ..., gm ∈ Γ.
Then L∞(X) is the unique Cartan subalgebra of L∞(X) ⋊ Γ, up to unitary conjugacy, for any
free ergodic pmp action Γy (X,µ).
Corollary 1.7 strengthens and generalizes the main result of [FV10]. Indeed, [FV10, Theorem 1.1]
shows that if we moreover assume that G contains a non-amenable subgroup with the relative
property (T) or two commuting non-amenable subgroups, and that Λ is amenable, then L∞(X)⋊Γ
has a unique group measure space Cartan subalgebra, for any free ergodic pmp action Γy (X,µ).
1.3. Comments on the proofs. Let us say a few words about the proofs of Theorems 1.1,
Theorem 1.3 and Corollary 1.4, since they are representative of the proofs of all the results stated
above. Consider a real unbounded closable derivation δ : M0 → (L2(M)⊗¯L2(M))⊕n, for some
1 6 n 6 ∞, which satisfies the corresponding regularity conditions. Recall that M0 contains a
non-amenability set S for M . Our goal is to prove either that M is not L2-rigid (as in Theorem
1.1) or that M has no Cartan subalgebra (as in Theorem 1.3 and Corollary 1.4).
To this end, we use results from free probability theory to construct a malleable deformation
of M , in the sense of Popa. This consists of a tracial von Neumann algebra M˜ containing M
and a pointwise ‖.‖2-continuous path {αt}t>0 of ∗-homomorphisms αt : M → M˜ such that
α0 = idM . Moreover, the pair (M˜ , {αt}t>0) is a “dilation of δ” in the following broad sense: the
limit limt→0 1t ‖αt(x)− x‖2 exists and is determined by δ, for all x ∈M0.
By [Da10a], any real closable derivation admits a dilation. Moreover, for derivations into a
multiple of the coarse bimodule, such as δ, [Da10a] provides additional information on the dilation.
More precisely, if Mt denotes the von Neumann algebra generated by M and αt(M), then the
M -M bimodule L2(Mt)⊖L2(M) is contained in a multiple of the coarse bimodule, for any t > 0.
If M is L2-rigid, then the semigroup φt = exp(−tδ∗δ¯) converges uniformly to idM on the unit
ball of M , as t → 0. This readily entails that αt converges uniformly to idM , as t → 0. As a
consequence, for every small enough t, there exists a unitary ut ∈ M˜ such that utαt(M)u∗t ⊂M .
Since S ⊂ M is a non-amenability set, a variation of Popa’s spectral gap argument [Po06a] (see
Lemma 2.7) allows us to find K > 0 such that
(∗) ‖αt(x)−EM (αt(x))‖2 6 K
∑
y∈S
‖αt(y)− y‖2, for all x ∈ (M)1 and t > 0.
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Since S ⊂M0 and αt dilates δ, this inequality implies that δ is bounded. This is a contradiction,
proving that M is not L2-rigid, as claimed by Theorem 1.1.
Now, assume that δ is the free difference quotient and the conjugate variables satisfy a Lipschitz
condition (as in Theorem 1.3), or δ is algebraic (as in Corollary 1.4). Then results from [Da10b]
and [Sh07] imply that the dilation algebra M˜ can be taken equal to M ∗L(F∞). In this case, we
say that δ admits a “free dilation”.
We then use techniques from Popa’s deformation/rigidity theory to prove that M does not have
a Cartan subalgebra. In particular, we employ the recent work [Io12a] (which notably uses
[PV11]) on the structure of normalizers of subalgebras of amalgamated free product algebras. By
combining [Io12a] with Lemma 2.7 we show that if M has a Cartan subalgebra, then (∗) holds.
As above, this provides a contradiction.
1.4. Organization of the paper. Besides the introduction, this paper has seven other sections.
In Section 2 we record several notions and results that we will later use. In Section 3 we recall
known results on dilating derivations. Sections 4-8 are devoted to the proofs of our main results.
1.5. Acknowledgments. We are grateful to Cyril Houdayer, Jesse Peterson and Stefaan Vaes
for helpful discussions and useful comments.
2. Preliminaries
2.1. Terminology. We work with tracial von Neumann algebras (M, τ), i.e. von Neumann
algebras M endowed with a faithful, normal, tracial state τ . We denote by ‖x‖2 = τ(x∗x)1/2 the
2-norm associated to τ and by ‖x‖ the operator norm. We denote by Z(M) the center of M ,
by U(M) the group of unitaries of M and by (M)1 = {x ∈ M | ‖x‖ 6 1} the unit ball of M . We
always assume that M is separable, unless it is a subalgebra of an ultraproduct algebra.
A tracial von Neumann algebra (M, τ) is called amenable if there exists a net ξn ∈ L2(M)⊗¯L2(M)
such that 〈xξn, ξn〉 → τ(x) and ‖xξn − ξnx‖2 → 0, for every x ∈ M . By Connes’ celebrated
theorem [Co76], M is amenable if and only if it is approximately finite dimensional.
For a free ultrafilter ω on N, the ultraproduct algebra Mω is defined as the quotient ℓ∞(N,M)/I,
where I ⊂ ℓ∞(N,M) is the closed ideal of x = (xn)n such that limn→ω ‖xn‖2 = 0. As it turns out,
Mω is a tracial von Neumann algebra, with its canonical trace given by τω((xn)n) = limn→ω τ(xn).
If M and N are tracial von Neumann algebras, then an M -N bimodule is a Hilbert space H
endowed with commuting normal ∗-homomorphisms π : M → B(H) and ρ : Nop → B(H). For
x ∈ M,y ∈ N and ξ ∈ H we denote xξy = π(x)ρ(y)(ξ). If M,N,P are tracial von Neumann
algebras, H and K be M -N and N -P bimodules, respectively, then H⊗NK denotes the Connes
tensor product endowed with the natural M -P bimodule structure (see [Po86]).
Let Q ⊂M be a von Neumann subalgebra. Jones’ basic construction 〈M,eQ〉 is defined as the von
Neumann subalgebra of B(L2(M)) generated byM and the orthogonal projection eQ from L
2(M)
onto L2(Q). Recall that 〈M,eQ〉 has a faithful semi-finite trace given by Tr(xeQy) = τ(xy) for
all x, y ∈ M . We denote by L2(〈M,eQ〉) the associated Hilbert space and endow it with the
natural M -bimodule structure. Note that L2(〈M,eQ〉) ∼= L2(M)⊗QL2(M), as M -M bimodules.
Finally, if S is a subset of a von Neumann algebraM, then a state φ onM is said to be S-central
if it satisfies φ(xT ) = φ(Tx), for all x ∈ S and T ∈M.
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2.2. Intertwining-by-bimodules. We next recall from [Po03, Theorem 2.1 and Corollary 2.3]
Popa’s powerful intertwining-by-bimodules technique (see also [Va06, Appendix C]).
Theorem 2.1. [Po03] Let (M, τ) be a separable tracial von Neumann algebra and P,Q ⊂M be
two (not necessarily unital) von Neumann subalgebras. Then the following are equivalent:
• There exist non-zero projections p ∈ P, q ∈ Q, a ∗-homomorphism φ : pPp→ qQq and a
non-zero partial isometry v ∈ qMp such that φ(x)v = vx, for all x ∈ pPp.
• There is no sequence un ∈ U(P ) satisfying ‖EQ(xuny)‖2 → 0, for all x, y ∈M .
If one of these conditions holds true, then we say that a corner of P embeds into Q inside M and
write P ≺M Q.
If M is not separable, then this statement holds true after we replace the sequence un with a net.
2.3. Relative amenability.
Definition 2.2. [OP07, Definition 2.2] Let (M, τ) be a tracial von Neumann algebra and let
P ⊂ pMp, Q ⊂M be von Neumann subalgebras. We say that P is amenable relative to Q inside
M if there exists a net ξn ∈ L2(p〈M,eQ〉p) such that 〈xξn, ξn〉 → τ(x), for every x ∈ pMp, and
‖yξn − ξny‖2 → 0, for every y ∈ P . By [OP07, Theorem 2.1], this condition is equivalent to the
existence of a P -central state φ on p〈M,eQ〉p such that φ|pMp = τ|pMp.
Remark 2.3. Let Λ < Γ be countable subgroups. By [AD95, Proposition 3.5], L(Γ) is amenable
relative to L(Λ) if and only if Λ is co-amenable in Γ: there is a Γ-invariant state on ℓ∞(Γ/Λ).
The failure of an algebra to be amenable (or amenable relative to some other algebra) can
therefore be viewed as a source of “spectral gap rigidity”. The notion of spectral gap rigidity has
been introduced by Popa and has been used to great effect for instance in [Po06a,Po06b,OP07].
Motivated by this, we introduce the following:
Definition 2.4. Let (M, τ) be a tracial von Neumann algebra and P,Q ⊂ M be von Neumann
subalgebras.
(1) A finite set S ⊂M is called a non-amenability set for M if there exists a constant K > 0
such that ‖ξ‖2 6 K
∑
y∈S ‖yξ − ξy‖2, for every ξ ∈ L2(M)⊗¯L2(M).
(2) A finite set S ⊂ P is called a non-amenability set for P relative to Q inside M if there
exists a constant K > 0 such that ‖ξ‖2 6 K
∑
y∈S ‖yξ − ξy‖2, for every ξ ∈ L2(〈M,eQ〉).
Remark 2.5. If M has a non-amenability set, then M has no amenable direct summand. If M
is a II1 factor, then by Connes’ theorem [Co76] the converse is true: M has a non-amenability
set if and only it is non-amenable. Note also that if there is a non-amenability set for P relative
to Q, then Pp is not amenable relative to Q, for any projection p ∈ P ′ ∩M .
We will later need the following result which is an easy consequence of [OP07, Section 2.2] (see
also [PV11, Section 2.5]).
Lemma 2.6. [OP07] Let (M, τ) be a tracial von Neumann algebra and let P,Q ⊂ M be von
Neumann subalgebras. Let H be a Q-P bimodule.
(1) Assume that Pp is not amenable relative to Q, for any non-zero projection p ∈ P ′ ∩M .
Then for any net of vectors ξn ∈ L2(M) ⊗Q H satisfying supn ‖xξn‖ 6 ‖x‖2, for all
x ∈M , and ‖yξn − ξny‖ → 0, for all y ∈ P , we have that ‖ξn‖ → 0.
(2) If S ⊂ P is a non-amenability set for P relative to Q inside M , then there exists a
constant κ > 0 such that ‖ξ‖ 6 κ∑y∈S ‖yξ − ξy‖, for all ξ ∈ L2(M)⊗QH.
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Proof. The first assertion is a rephrasing of [Io12a, Lemma 2.3].
To prove the second assertion, let S be a non-amenability set for P relative to Q. Assuming
that the conclusion fails, we can find a sequence of unit vectors ξn ∈ L2(M)⊗QH such that
‖yξn − ξny‖ → 0, for all y ∈ S. Choose a state on ℓ∞(N), denoted limn, extending the usual
limit. Also, consider the normal ∗-homomorphism π : 〈M,eQ〉 → B(L2(M) ⊗Q H) given by
π(T )(ξ ⊗Q η) = T (ξ)⊗Q η.
Define ψ : 〈M,eQ〉 → C by letting ψ(T ) = limn〈π(T )ξn, ξn〉. Then ψ is a S-central state.
Moreover, ψ is C∗(S)-central, where C∗(S) denotes the C∗-algebra generated by S. A standard
procedure (see the proof of [OP07, Theorem 2.1]) implies the existence of a net of unit vectors
ηi ∈ L2(〈M,eQ〉) such that ‖yηi − ηiy‖ → 0, for all y ∈ U(C∗(S)). Thus, ‖yηi − ηiy‖ → 0, for all
y ∈ S, contradicting the non-amenability of S. 
The next lemma is a variant of Popa’s spectral gap argument [Po06a]. It will be later used (e.g. in
the proof of Theorem 1.1) to deduce boundedness of a derivation δ from the uniform convergence
of the semigroup φt = exp(−tδ∗δ¯).
Lemma 2.7. Let (M˜ , τ) be a tracial von Neumann algebra and M be a von Neumann subalgebra.
Let P,Q ⊂M be von Neumann subalgebras. Assume that the M -M bimodule L2(M˜)⊖L2(M) is
isomorphic to L2(M)⊗Q K, for some Q-M bimodule K.
Let αn :M → M˜ , n > 1, be trace preserving ∗-homomorphisms such that ‖αn(x)− x‖2 → 0, for
all x ∈ M . Assume that pn ∈ αn(P )′ ∩ M˜ is a projection and vn ∈ M˜ is a unitary such that
αn(P )pn ⊂ vnMvn∗, for all n > 1.
(1) If Pp is not amenable relative to Q inside M , for every non-zero projection p ∈ P ′ ∩M ,
then supx∈(P )1 ‖(αn(x)− EM (αn(x)))pn‖2 → 0, as n→∞.
(2) If S ⊂ P is a non-amenability set for P relative to Q inside M , then there exists a
constant C > 0 such that for all n > 1 we have
‖(αn(x)−EM (αn(x)))pn‖2 6 C
∑
y∈S
‖(αn(y)− y)pn‖2, for all x ∈ (P )1.
Proof. For x ∈ P and n > 1, define βn(x) = v∗nαn(x)pnvn ∈ M . Denote H = L2(M˜ ) ⊖ L2(M).
Let Hn be the M -P bimodule which is equal to H endowed with the bimodule structure given
by y · ξ · x = yξβn(x). Then Hn is isomorphic to L2(M)⊗QKn, where Kn is equal to K endowed
with the Q-P bimodule structure given by y · ξ · x = yξβn(x).
Define the Q-P bimodule K˜ = ⊕n>1Kn and let us treat separately the two assertions.
(1) In this case, Lemma 2.6 (1) implies that any net ξn ∈ L2(M)⊗Q K˜ satisfying ‖x · ξn‖ 6 ‖x‖2
for every x ∈ M , and ‖x · ξn − ξn · x‖ → 0, for all x ∈ P , must verify ‖ξn‖ → 0. Define
ξn = pnvn − EM (pnvn), then ‖xξn‖2 6 ‖x‖2, for all x ∈ M . If we view ξn as an element of Hn,
then for every x ∈ P we have that
‖x · ξn − ξn · x‖ = ‖xξn − ξnβn(x)‖2 6 ‖xpnvn − pnvnβn(x)‖2 =
‖(x− αn(x))pnvn‖2 → 0.
Since Hn is isomorphic to a M -P sub-bimodule of L2(M)⊗Q K˜, we conclude that ‖ξn‖2 → 0. It
follows that for all x ∈ (P )1 and n > 1 we have
‖αn(x)pn − EM (αn(x))pn‖2 = ‖αn(x)pnvn − EM (αn(x))pnvn‖2 6
2‖ξn‖2 + ‖(1 − EM )(αn(x)pnvn)‖2 = 2‖ξn‖2 + ‖(1 − EM )(pnvnβn(x))‖2 6
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2‖ξn‖2 + ‖(1− EM )(pnvn)‖2 = 3‖ξn‖2.
Since ‖ξn‖2 → 0 and x ∈ (P )1 is arbitrary, this proves the first assertion.
(2) Assume that S is a non-amenability set for P relative to B. Lemma 2.6 (2) implies that we
can find κ > 0 such that any vector ξ ∈ L2(M)⊗B K˜ verifies ‖ξ‖ 6 κ
∑
y∈S ‖y · ξ − ξ · y‖. Thus,
for all n > 1 and ξ ∈ L2(M˜ )⊖ L2(M), we have that ‖ξ‖2 6 κ
∑
y∈S ‖yξ − ξβn(y)‖2.
Denote δn =
∑
y∈S ‖(αn(y)− y)pn‖2. Then we have
∑
y∈S ‖ypnvn − pnvnβn(y)‖2 = δn and thus∑
y∈S
‖y(pnvn − EM (pnvn))− (pnvn − EM (pnvn))βn(y)‖2 6 δn.
By combining the last two inequalities we conclude that ‖pnvn−EM (pnvn)‖2 6 κδn, for all n > 1.
Together with the estimate from the proof of part (1), we get that if x ∈ (P )1 and n > 1, then
‖(αn − EM (αn(x)))pn‖2 6 3‖pnvn − EM (pnvn)‖2 6 3κδn. Thus, the second assertion holds for
C = 3κ. 
2.4. Property Gamma. A II1 factor M has property Gamma of Murray and von Neumann
[MvN43] if there exists a sequence of unitaries un ∈M with τ(un) = 0 such that ‖unx−xun‖2 → 0,
for all x ∈M . If ω is a free ultrafilter on N, then property Gamma is equivalent toM ′∩Mω = C1.
By a well-known result of Connes [Co76, Theorem 2.1] property Gamma is also equivalent to the
existence of a net of unit vectors ξn ∈ L2(M)⊖ C1 satisfying ‖xξn − ξnx‖2 → 0, for all x ∈M .
Therefore, the failure of property Gamma implies the existence of a non-Gamma set in the sense
of the following definition that was introduced in [Pe04, Definiton 3.1] and was also motivated
by [Po86, Remark 4.1.6].
Definition 2.8. [Pe04] Let M be a II1 factor. A finite set S ⊂ M is called a non-Gamma set
for M if there exists K > 0 such that ‖ξ‖2 6
∑
y∈SK‖yξ − ξy‖2, for all ξ ∈ L2(M)⊖ C1.
Remark 2.9. By [Co76, Theorem 2.1] any II1 factor M without property Gamma has a non-
Gamma set. Note, however, that it is not always possible to find a non-Gamma set for M inside
a given weakly dense ∗-subalgebra of M . Recall that a countable group Γ is inner amenable if
the unitary representation of Γ on ℓ2(Γ \ {e}) given by conjugation has almost invariant vectors.
Vaes recently found an example of an icc group Γ which is inner amenable (hence CΓ does not
contain a non-Gamma set for L(Γ)) such that L(Γ) does not have property Gamma [Va09].
The next result follows easily from [Co76] but for the reader’s convenience we include a proof.
Lemma 2.10. [Co76] Let M be a II1 factor and S ⊂M be a finite set closed under adjoint.
If S is a non-Gamma set for M , then S is non-amenability set for M .
Proof. Let S be a non-Gamma set for M . Assume by contradiction that S is not a non-
amenability set. Thus we can find a sequence of unit vectors ξn ∈ L2(M)⊗¯L2(M) such that
‖xξn − ξnx‖2 → 0, for all x ∈ S. Choose a state on ℓ∞(N), denoted limn, extending the usual
limit. Define ψ : B(L2(M))→ C by letting ψ(T ) = limn〈(T ⊗ 1)ξn, ξn〉.
Then ψ is an S-central state, hence φ = ψ|M : M → C is an S-central state. Moreover, φ is
central under the C∗-algebra C∗(S) generated by S. Let ηi ∈ L1(M) be a net of positive norm one
elements such that τ(xηi)→ φ(x), for all x ∈M . Since φ is C∗(S)-central, for all u ∈ U(C∗(S))
we have that τ(x(uηiu
∗−ηi))→ 0, for all x ∈M . Thus, uηiu∗−ηi → 0, in the weak topology, for
all u ∈ U(C∗(S)). The Hahn-Banach theorem implies that, after passing to convex combinations,
we may assume that we have ‖uηiu∗ − ηi‖1 → 0 in addition to τ(xηi)→ φ(x), for every x ∈M .
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The Powers-Størmer inequality (see [BO08, Proposition 6.2.4]) gives that ‖uη1/2i u∗− η1/2i ‖2 → 0,
for all u ∈ U(C∗(S)). Hence ‖yη1/2i − η1/2i y‖2 → 0, for all y ∈ S. Since S is a non-Gamma set,
we derive that ‖η1/2i − ci · 1‖2 → 0, where ci = 〈η1/2i , 1〉. Applying Powers-Størmer again yields
that ‖ηi − c2i · 1‖1 → 0. This implies that c2i τ(x) → φ(x), for all x ∈ M , hence φ = τ . Since ψ
is C∗(S)-central and ψ|M = τ , we get that ψ is central under the von Neumann algebra W ∗(S)
generated by S. Thus W ∗(S) is amenable, contradicting the fact that it is a II1 factor without
property Gamma. 
2.5. Mixing bimodules. Next, we recall the notion of mixing bimodules introduced in [PS09,
Definition 2.3].
Definition 2.11. [PS09] Let (M, τ) be a tracial von Neumann algebra. We say that an M -M
bimodule H is mixing if for any sequence an ∈ (M)1 such that an → 0, weakly, we have
sup
x∈(M)1
|〈anξx, η〉| → 0, and sup
x∈(M)1
|〈xξan, η〉| → 0, as n→∞, for all ξ, η ∈ H.
The coarse M -M bimodule L2(M)⊗¯L2(M) is clearly mixing. Also, let Γ be a countable group
and π : Γ→ U(K) be a mixing unitary representation. Then it is easy to see that H = K⊗ ℓ2(Γ)
is a mixing L(Γ)-L(Γ) bimodule (with its natural bimodule structure, defined as in [Po01, 1.1.4.]).
2.6. Normalizers of subalgebras of amalgamated free product von Neumann alge-
bras. We will also need the following variant of [Io12a, Theorem 1.6] which is a hybrid between
Theorems 1.6 and 5.2 from [Io12a].
Theorem 2.12. [Io12a] Let (M1, τ1) and (M2, τ2) be two tracial von Neumann algebras with
a common von Neumann subalgebra B such that τ1|B = τ2|B and denote M = M1 ∗B M2. Let
(Q, τ) be a tracial von Neumann algebra and A ⊂M⊗¯Q be an amenable von Neumann subalgebra.
Denote by P = NM⊗¯Q(A)′′ the von Neumann algebra generated by the normalizer of A in M⊗¯Q.
Assume that there are a group U and homomorphisms ρ1 : U → U(M), ρ2 : U → U(Q) such that
• ρ1(u)⊗ ρ2(u) ∈ P , for all u ∈ U , and
• the von Neumann subalgebra P0 ⊂M generated by ρ1(U) satisfies P ′0 ∩Mω = C1.
Then one of the following conditions holds true:
(1) A ≺M⊗¯Q B⊗¯Q.
(2) P0 ≺M Mi, for some i ∈ {1, 2}.
(3) P0 is amenable relative to B inside M .
Proof. For completeness, let us briefly indicate how the result follows from [Io12a].
Define M = M⊗¯Q, M1 = M1⊗¯Q, M2 = M2⊗¯Q and B = B⊗¯Q. Then M = M1 ∗B M2.
Further, we define M˜ = M ∗B (B⊗¯L(F2)) and let {θt}t∈R ⊂ Aut(M˜) be the free malleable
deformation [IPP05] (see e.g. [Io12a, Section 2.5]). Let {ug}g∈F2 denote the canonical unitaries
and define N ⊂ M˜ to be the von Neumann subalgebra generated by ∪g∈F2ugMu∗g. Then N is
normalized by {ug}g∈F2 and M˜ = N ⋊ F2.
Now, notice that if t ∈ (0, 1) then θt(P ) ⊂ NM˜(θt(A)). S. Popa and S. Vaes’ dichotomy [PV11,
Theorem 1.6] implies that either θt(A) ≺M˜ N or θt(P ) is amenable relative to N . Thus, we
conclude that we are in one of the following two cases:
Case 1. θt(A) ≺M˜ N , for some t ∈ (0, 1).
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Case 2. θt(P ) is amenable relative to N , for all t ∈ (0, 1).
In the first case, [Io12a, Theorem 3.2] implies that either A ≺M B or P ≺M Mi, for some
i ∈ {1, 2}. If the first alternative holds, then (1) is true. If P ≺M Mi, then P0 ≺M Mi and
hence (2) is true. Indeed, if P0 ⊀M Mi, then by the proof of [Po03, Corollary 2.3] we can find a
sequence of unitaries un ∈ U such that ‖EMi(aρ1(un)b)‖2 → 0, for all a, b ∈ M . But then it is
clear that ‖EMi(a(ρ1(un) ⊗ ρ2(un))b)‖2 → 0, for all a, b ∈ M. This contradicts the assumption
that P ≺M Mi.
In the second case, [Io12a, Theorem 5.2] directly implies that either (2) or (3) hold. 
3. Derivations and free dilations
In this section we record several results about derivations and their dilations.
Let (M, τ) be a tracial von Neumann algebra, M0 ⊂ M a weakly dense ∗-subalgebra, and H a
M -M bimodule. A map δ :M0 →H is a derivation if δ(xy) = xδ(y)+δ(x)y, for all x, y ∈M0. We
assume that δ is closable as an unbounded operator δ : L2(M)→ H. We also suppose that δ is real,
i.e. there exists a conjugate-linear isometric involution J on H satisfying J (xδ(y)z) = z∗δ(y∗)x∗,
for all x, y, z ∈M0. When H = L2(M), for some semi-finite von Neumann algebraM containing
M , we assume that J is given by J (x) = x∗. In this case, δ is real if and only if δ(x∗) = δ(x)∗,
for all x ∈M .
Now, denote by δ¯ the closure of δ and by D(δ¯) ⊂ L2(M) its domain. By [Sa89] and [DL92],
D(δ¯) ∩ M is a ∗-subalgebra and δ¯|D(δ¯)∩M is a derivation. Further, ∆ = δ∗δ¯ gives rise to a
semigroup of completely positive maps on M . More precisely, φt = exp(−t∆) : M → M are
unital, trace preserving, completely positive maps satisfying φt ◦ φs = φt+s, for all t, s > 0, and
‖φt(x) − x‖2 → 0, as t → 0, for every x ∈ M . Additionally, since δ is real, we have that φt is
symmetric for every t > 0: τ(φt(x)y) = τ(xφt(y)), for all x, y ∈M .
Recently it was proved that the semigroup {φt}t>0 admits a dilation in a larger tracial von
Neumann algebra M˜ ⊃M (see [Da10a, Theorem 24]). Here we state this result in the case when
H is a multiple of the coarse M -M bimodule. In this case, [Da10a, Proposition 26] provides
additional information on certain M -M sub-bimodules of L2(M˜).
Theorem 3.1. [Da10a] Let (M, τ) be a tracial von Neumann algebra and M0 ⊂ M be a weakly
dense ∗-subalgebra. Let δ :M0 → (L2(M)⊗¯L2(M))⊕∞ be a real closable derivation. Let ∆ = δ∗δ¯
and consider the semigroup of completely positive maps φt = exp(−t∆) :M →M .
Then there exists a tracial von Neumann algebra M˜ which contains M and ∗-homomorphisms
αt : M → M˜ such that φt = EM ◦ αt, for all t > 0. Moreover, denote by Mt ⊂ M˜ the von
Neumann subalgebra generated by M and αt(M). Then the M -M bimodule L
2(Mt) ⊖ L2(M) is
isomorphic to a sub-bimodule of (L2(M)⊗¯L2(M))⊕∞, for every t > 0.
In the sequel we will also need the following technical result.
Lemma 3.2. Consider the notations from Theorem 3.1. Then for every x ∈ D(δ¯) we have that
1
t
‖αt(x)− φt(x)‖22 → 2‖δ(x)‖22 and
1
t
‖αt(x)− x‖22 → 2‖δ(x)‖22, as t→ 0.
Proof. Let t > 0 and recall φt = exp(−t∆), where ∆ = δ∗δ¯. By combining the identity id− φt =∫ t
0 ∆ ◦ φs ds with the fact that x ∈ D(δ¯) = D(∆1/2) we get that
〈x− φt(x), x〉 =
∫ t
0
〈∆(φs(x)), x〉 ds =
∫ t
0
〈φs(∆1/2(x)),∆1/2(x)〉 ds.
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Since φs(∆
1/2(x))→ ∆1/2(x), in ‖.‖2, as s→ 0, we conclude that
(3.1)
1
t
〈x− φt(x), x〉 → ‖∆1/2(x)‖22 = ‖δ(x)‖22, as t→ 0.
Finally, since φt(x) = EM (αt(x)), we get that ‖αt(x)−φt(x)‖22 = ‖x‖22−‖φt(x)‖22 = 〈x−φ2t(x), x〉.
Also, we have that ‖αt(x) − x‖22 = 2〈x − φt(x), x〉. Together with equation 3.1 these identities
yield the conclusion. 
In the next section, the dilations from Theorem 3.1 will be used to prove that certain II1 factors
M are prime. On the other hand, in order to deduce that M does not have Cartan subalgebras,
we will additionally need to know that the dilation “lives” in the free product M˜ =M ∗ L(F∞).
In the rest of this section, we recall two results in this direction.
Shlyakhtenko showed that any “algebraic” derivation δ : M0 → L2(M)⊗¯L2(M) gives rise, via
exponentiation, to a one-parameter group of automorphisms of M ∗ L(Z) [Sh07, Proposition 2].
Here we note the following straightforward generalization of this result.
Proposition 3.3. Let (M, τ) be a tracial von Neumann algebra, B ⊂ M be a von Neumann
subalgebra and M0 ⊂M be a weakly dense ∗-subalgebra. Assume that δ : D(δ)→ L2(〈M,eB〉) is
a real derivation whose domain, denoted D(δ), contains both B and M0 such that
• δ(M0) ⊂ span(M0eBM0).
• eB is in the domain of δ∗ and δ∗(eB) ∈M0.
• δ(b) = 0, for all b ∈ B.
Assume that M0 is finitely generated. More generally, assume that M0 = ∪n>1Mn, where Mn are
finitely generated ∗-algebras satisfying Mn ⊂Mn+1 and δ(Mn) ⊂ span(MneBMn), for all n > 1.
Denote M˜ =M ∗B (B⊗¯L(Z)) and let s ∈ L(Z) be a generating (0, 1) semicircular element. Also,
let L2(〈M,eB〉) ∋ ξ → ξ#s ∈ span(MsM)‖.‖2 ⊂ L2(M˜) be the unique isomorphism of M -M
bimodules sending eB to s.
Then there exists a one-parameter group of automorphisms {αt}t∈R of M˜ such that
‖1
t
(αt(x)− x)− δ(x)#s‖2 → 0, as t→ 0, for all x ∈M0.
The proof is an easy adaptation of the proof of [Sh07, Proposition 2] and can be derived by
combining results from [Sh00, Section 3]. Nevertheless, for the reader’s convenience, we will
sketch a proof.
Proof. If b ∈ B, then δ(b) = 0. This implies that δ∗(eBb) = δ∗(eB)b and δ∗(beB) = bδ∗(eB). Since
eBb = beB , we deduce that [δ
∗(eB), b] = 0.
Let D(δ˜) be the weakly dense ∗-subalgebra of M˜ generated byM0∪B∪{s}. Since δ(x)#s ∈ D(δ˜),
for all x ∈M0 ∪B, and δ∗(eB) ∈M0, we can define δ˜ :M0 ∪B ∪ {s} → D(δ˜) by letting
δ˜(x) = δ(x)#s, for all x ∈M0 ∪B, and δ˜(s) = −δ∗(eB).
Since [δ∗(eB), B] = 0 and δ|B ≡ 0, it is easy to see that δ˜ extends to a derivation δ˜ : D(δ˜)→ D(δ˜).
Also, since δ(x∗) = δ(x)∗, for all x ∈M0, and δ∗(eB) is self-adjoint, we deduce that δ˜(x∗) = δ˜(x)∗,
for all x ∈ D(δ˜). Moreover, we have that:
Claim 1. τ(δ˜(x)) = 0, for all x ∈ D(δ˜).
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Proof of Claim 1. Denote by M the ∗-subalgebra of M generated by M0 and B. For n > 1,
define sn = s
n − τ(sn). Then D(δ˜) is the linear span of
M∪ {x1sn1x2...xksnkxk+1|x1, xk+1 ∈M, x2, ..., xk ∈ M⊖B,n1, ..., nk > 1}.
Since δ(M0) ⊂ span(M0eBM0), we get that δ˜(M) ⊂ span(MsM). Hence, τ(δ˜(x)) = 0, for all
x ∈ M. Thus, in order to prove the claim, it suffices to show that τ(δ˜(x)) = 0, for every x
of the form x = x1sn2x2...xksnkxk+1, for some k > 1, x1, xk+1 ∈ M, x2, ..., xk ∈ M ⊖ B and
n1, ..., nk > 1.
Below, we sketch the proof of this fact in the case when k is even, leaving the (similar) case when
k is odd to the reader. Assume therefore that k = 2l, for some l > 1.
Notice first that by freeness it follows that for all i ∈ {1, ..., k +1} \ {l}, y ∈ML(Z)M and every
j ∈ {1, ..., k} \ {l, l + 1}, z ∈ L(Z)ML(Z), we have that
(3.2) τ(x1sn1 ...sniysni+1 ...snkxk+1) = 0 and τ(x1sn1 ...xnjzxnj+1 ...snkxk+1) = 0.
If n > 1, then δ˜(sn) = δ˜(s
n) =
∑n−1
i=0 s
iδ˜(s)sn−1−i. Thus, δ˜(sn) ∈ span(L(Z)ML(Z)). Also, recall
that δ˜(x0) ∈ span(ML(Z)M), for all x0 ∈ M. By combining these facts with equation 3.2, and
using Leibniz’s rule for δ˜, it follows that
(3.3) τ(δ˜(x)) = τ(x1sn1 ...xlδ˜(snlxl+1snl+1)xl+2...snkxk+1).
Next, we denote by K ⊂ M˜ ⊖ B the set of alternating words in M ⊖ B and L(Z) ⊖ C1, which
start or begin with an element from L(Z)⊖ C1. Again, by freeness it is easy to see that
(3.4) τ(x1sn1 ...xlyxl+2...snkxnk+1) = 0, for all y ∈ K.
Now, if b ∈ B, then τ(δ˜(s)b) = τ(δ∗(eB)b) = −Tr(eBδ(b)) = 0 and thus δ˜(s) ∈ M ⊖ B. In
combination with the formula for δ˜(sn), we derive that δ˜(snl), δ˜(snl+1) ∈ span(L(Z)(M⊖B)L(Z)).
Also, since xl+1 ∈ M, we have that δ˜(xl+1) ∈ span(M(L(Z)⊖C1)M). Using these relations and
Leibniz’s rule it follows that δ˜(snlxl+1snl+1)− τ(δ˜(snlxl+1snl+1)) belongs to the linear span of K.
Combining this fact with 3.3 and 3.4 yields that τ(δ˜(x)) = τ(δ˜(snlxl+1snl+1))τ(x1sn1 ...xlxl+2...snkxk+1)
and reduces Claim 1 to proving the following:
Claim 2. τ(δ˜(smcsn)) = 0, for all m,n > 1 and c ∈ M⊖B.
Proof of Claim 2. First, since δ˜(sn) =
∑n−1
i=0 s
iδ˜(s)sn−1−i, for all n > 1, we get that
(3.5) τ(δ˜(smcsn)) =
m−1∑
i=0
τ(siδ˜(s)sm−1−icsn) + τ(smδ˜(c)sn) +
n−1∑
j=0
τ(smcs
j δ˜(s)sn−1−j).
Note that c, δ˜(s) ∈ M ⊖ B and τ(δ˜(s)c) = −τ(δ∗(eB)c). Since δ˜(c) ∈ span(MsM), for every
x ∈ L(Z) we have that
(3.6) τ(δ˜(c)x) = τ(xs)τ(δ˜(c)s) = τ(xs)〈δ(c)#s, eB#s〉 = τ(xs)〈δ(c), eB 〉 =
τ(xs)τ(cδ∗(eB)) = −τ(δ˜(s)c)τ(xs).
Altogether, by combining equations 3.5 and 3.6 we get that
(3.7) τ(δ˜(smcsn)) = τ(δ˜(s)c)[
m−1∑
i=0
τ(sns
i)τ(sm−1−i)− τ(snsms) +
n−1∑
j=0
τ(sms
j)τ(sn−1−j)].
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Now, let ∂ : C〈s〉 → C〈s〉 ⊗ C〈s〉 be the difference quotient derivation given by ∂(s) = 1 ⊗ 1.
Since s is (0, 1) semicircular, we have that ∂∗(1⊗ 1) = s (see [Vo98, Proposition 3.8]) and hence
(τ ⊗ τ)(∂(sp)) = τ(sp+1), for all p. Thus, we get that
m−1∑
i=0
τ(sns
i)τ(sm−1−i) +
n−1∑
j=0
τ(sms
j)τ(sn−1−j) =
(τ ⊗ τ)[sn∂(sm)− τ(sn)∂(sm) + ∂(sn)sm − τ(sm)∂(sn)] =
τ(sm+n+1)− τ(sn)τ(sm+1)− τ(sm)τ(sn+1).
Since the last term is equal to τ(snssm) by equation 3.7 we conclude that τ(δ˜(smcsn)) = 0. This
finishes the proof of Claim 2 and hence of Claim 1. 
Now, let M˜0 ⊂ M˜ be the ∗-subalgebra generated byM0∪{s}. Then M˜0 ⊂ D(δ˜) and δ˜(M˜0) ⊂ M˜0.
IfM0 is finitely generated, then M˜0 is finitely generated. By using the fact that δ˜(x
∗) = δ˜(x)∗, for
all x ∈ M˜0, and Claim 1, [Vo01, Proposition 3.3 and Corollary 3.7] imply that δ˜ exponentiates to
a one-parameter group αt = e
tδ˜ of trace preserving automorphisms of M˜ . Moreover, αt satisfies
the convergence required in the conclusion.
Finally, assume thatM0 is the increasing union of ∗-algebrasMn satisfying δ(Mn) ⊂ span(MneBMn).
Let n0 > 1 such that δ
∗(eB) ∈Mn0 . For every n, let M˜n be the ∗-algebra generated by Mn ∪{s}.
Then for every n > n0, we have that δ˜(M˜n) ⊂ M˜n. By the above, αt = etδ˜ defines a one-parameter
group of trace preserving automorphisms of the weak closure of M˜n. Since the increasing union
∪n>1M˜n is weakly dense in M˜ , the conclusion follows. 
Remark 3.4. Proposition 3.3 can be used to recover several known constructions of malleable
deformations, in the sense of Popa. Let us give two such examples (see also [Sh07, Example 1]).
(1) LetM =M1∗BM2 be an amalgamated free product of tracial von Neumann algebras. Denote
by D(δ) the ∗-algebra generated by M1 and M2. Define a derivation δ : D(δ) → L2(〈M,eB〉)
by letting δ(x) = i[x, eB ], if x ∈ M1, and δ(x) = 0, if x ∈ M2. Then δ is real and satisfies the
assumptions of Proposition 3.3. For t ∈ R, let ut = exp(its). The resulting one-parameter group
of automorphisms of M˜ =M ∗B (B⊗¯L(Z)) is given by αt(x) = utxu∗t , if x ∈M1, and αt(x) = x,
if x ∈M2 ∪L(Z). This is a variant of the free malleable deformation of M introduced in [IPP05].
(2) Let Q ⊂ P be tracial von Neumann algebras and θ : Q→ P be a ∗-homomorphism. From this
data, an HNN extension M = HNN(P,Q, θ) was constructed in [FV10, Section 3]. Briefly, M is
a tracial von Neumann algebra generated by P and a unitary element u such that uxu∗ = θ(x),
for all x ∈ Q. Denote by D(δ) the ∗-algebra generated by P and u. Then it is easy to see that
δ : D(δ) → L2(〈M,eQ〉) given by δ(x) = 0, if x ∈ P , and δ(u) = iueQ, defines a real derivation
which satisfies the assumptions of Proposition 3.3. For t ∈ R, let vt = exp(its). Then the one-
parameter group of automorphisms of M˜ =M ∗Q (Q⊗¯L(Z)) provided by Proposition 3.3 satisfies
αt(x) = x, if x ∈ P ∪ L(Z), and αt(u) = uvt. This recovers the malleable deformation of M
introduced in [FV10, Section 3.5].
We are grateful to Jesse Peterson for pointing out to us the following remark.
Remark 3.5. In the case of group algebras, the existence of unbounded algebraic derivations
implies strong restrictions on the structure of the group. Let Γ be an infinite, finitely generated
countable group and assume that there exists an unbounded derivation δ : CΓ → CΓ ⊗ CΓ.
Define b : Γ→ CΓ⊗ CΓ by letting b(g) = δ(ug)u∗g. Then we have that b(gh) = b(g) + ugb(h)u∗g,
for all g, h ∈ Γ. Now, the representation of Γ on CΓ⊗CΓ by conjugation is isomorphic to the left
regular representation λ of Γ on ⊕∞n=1CΓ. Thus, we obtain a cocycle c = (cn) : Γ→ ⊕∞n=1CΓ.
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Since δ is unbounded (hence not inner), it is easy to see that not all of the cocycles cn : Γ→ CΓ
can be inner. By [BV97, Lemma 2] this yields that Γ has at least two ends. Stallings’ theorem
now implies that Γ is either an amalgamated free product or an HNN extension over a finite
subgroup. Thus, if Γ is moreover torsion free, then it is the free product Γ = Γ1 ∗ Γ2 of two
infinite groups.
We end this section with a result from [Da10b, Corollary 25] which shows that under a Lipschitz
conjugate variables condition, the von Neumann algebra M generated by n self-adjoint elements
X1, ...,Xn, admits a deformation into M ∗ L(F∞).
Theorem 3.6. [Da10b] Let (M, τ) be a tracial von Neumann algebra generated by n > 2 self-
adjoint elements X1, ...,Xn. Let M0 be the ∗-algebra generated by X1, ...,Xn. For every 1 6 i 6 n,
let δi : M0 → L2(M)⊗¯L2(M) be the partial free difference quotient δi(Xj) = δi,jXi. Denote
δ = (δ1, ..., δn) :M0 → (L2(M)⊗¯L2(M))⊕n and let δ¯ be the closure of δ.
Assume that 1⊗1 is in the domain of δ∗i and denote by ξi = δ∗i (1⊗1) the corresponding conjugate
variable. Moreover, assume that ξi is in the domain of δ¯ and δ¯(ξi) ∈ (M⊗¯Mop)⊕n, for all
i ∈ {1, ..., n}. Here, Mop denotes the opposite algebra of M , and we consider the inclusion
M⊗¯Mop ⊂ L2(M⊗¯Mop) ∼= L2(M)⊗¯L2(M).
Then for every t > 0, there exists a free family S
(t)
1 , ..., S
(t)
n ∈ L(F∞) of (0, 1)-semicircular
elements and a ∗-homomorphism αt :M →M ∗ L(F∞), such that
‖ 1√
t
(αt(x)− x)−
n∑
i=1
δi(x)#S
(t)
i ‖2 → 0, as t→ 0, for all x ∈M0.
4. L2-rigidity results
The main goal of this section is to prove Theorem 1.1. Let us first recall Peterson’s notion of
L2-rigidity for von Neumann algebras (see [Pe06, Definition 4.1 and Lemma 2.1]).
Definition 4.1. [Pe06] A tracial von Neumann algebra (M, τ) is L2-rigid if for any densely
defined real closable derivation δ : D(δ)→ (L2(M)⊗¯L2(M))⊕∞, the deformation φt = exp(−tδ∗δ¯)
converges uniformly to idM on (M)1, as t→ 0.
4.1. Proof of Theorem 1.1. By [Pe06, Corollary 4.6] any non-amenable II1 factor that is non-
prime or has property Gamma is L2-rigid. Thus, in order to get the conclusion, it suffices to
prove that M is not L2-rigid. Assume by contradiction that M is L2-rigid.
Recall that δ : M0 → L2(M)⊗¯L2(M) is a densely defined real derivation such that M0 contains
a non-amenability set S for M . For every t > 0, denote φt = exp(−tδ∗δ¯). By Theorem 3.1 there
exist a tracial von Neumann algebra M˜ containing M and ∗-homomorphisms αt : M → M˜ such
that φt = EM ◦ αt, for all t > 0.
Since M is L2-rigid, φt converges uniformly to idM on (M)1. Thus, we can find t0 > 0 such that
‖φt(x)− x‖2 6 12 , for all t ∈ [0, t0] and every x ∈ (M)1. Fix t ∈ [0, t0]. Then for every u ∈ U(M)
we have that τ(αt(u)u
∗) = τ(φt(u)u∗) > 12 . Denote by K ⊂ (M˜)1 the ‖.‖2-closure of the convex
hull of the set {αt(u)u∗|u ∈ U(M)} and let vt ∈ K be the unique element of minimal ‖.‖2. Then
τ(vt) >
1
2 , hence vt 6= 0, and αt(u)vt = vtu, for all u ∈ U(M).
Moreover, if we let Mt be the von Neumann algebra generated by αt(M) and M , then vt ∈ Mt
and v∗t vt ∈ M ′ ∩ Mt. Thus, we get that v∗t vt − EM (v∗t vt) ∈ M ′ ∩ Mt. On the other hand,
Theorem 3.1 gives that the M -M bimodule L2(Mt) ⊖ L2(M) is isomorphic to a sub-bimodule
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of (L2(M)⊗¯L2(M))⊕∞. Since M is diffuse, we conclude that v∗t vt ∈ M ′ ∩M = C1. Thus, by
rescaling vt, we get that there is a unitary vt ∈Mt such that αt(M) ⊂ vtMv∗t , for every t ∈ [0, t0].
Let tn ∈ (0, t0] be a sequence such that tn → 0. Since S is a non-amenability set for M , by
Lemma 2.7 (2) we can find a constant C > 0 such that for all n > 1 we have
‖αtn(x)− φtn(x)‖2 = ‖αtn(x)−EM (αtn(x))‖2 6 C
∑
y∈S
‖αtn(y)− y‖2, for all x ∈ (M)1.
Now, if we take x ∈ M0, then Lemma 3.2 implies that 1√t‖αt(x) − φt(x)‖2 →
√
2‖δ(x)‖2 and
1√
t
‖αt(x) − x‖2 →
√
2‖δ(x)‖2, as t → 0. In combination with the last inequality this gives that
‖δ(x)‖2 6 C
∑
y∈S ‖δ(y)‖2, for all x ∈M0. Thus, δ is bounded, which is a contradiction. 
Remark 4.2. LetM be a II1 factor and pn ∈M a sequence of projections such that
∑∞
n=1 pn = 1.
Then M0 = ∪n>1(p1 + ... + pn)M(p1 + ... + pn) is a weakly dense ∗-subalgebra of M . Let
αn be a sequence of positive real numbers such that
∑∞
n=1 α
2
nτ(pn)
2 = +∞. Then the map
δ : M0 → L2(M)⊗¯L2(M) given by δ(x) =
∑∞
n=1 iαn [x, pn ⊗ pn] is a well-defined derivation.
Moreover, it is easy to see that δ is real, unbounded and closable. This shows that the assumption
that M0 contains a non-amenability set for M is necessary in the hypothesis of Theorem 1.1.
4.2. Proof of Corollary 1.2. We prove here Corollary 1.2 under the first assumption, and
postpone dealing with the second assumption until Corollary 4.3. Denote by M0 the ∗-algebra
generated by X1, ...,Xn. For every i ∈ {1, ..., n}, let δi : M0 → L2(M)⊗¯L2(M) be the partial
free difference quotient derivation given by δi(Xj) = δi,j1 ⊗ 1. Further, let δ = (δ1, ..., δn) :
M0 → (L2(M)⊗¯L2(M))⊕n. Since δ∗i (1 ⊗ 1) = J1(Xi : C〈X1, ..., Xˆi, ...,Xn〉) exists and belongs
to L2(M), [Vo98, Corollary 4.1] implies that δi is a closable derivation, for all i ∈ {1, 2, ..., n}.
Therefore, δ is real and closable.
By [Da08, Theorem 13], M is a II1 factor without property Gamma. Moreover, since the first
and second variables are bounded, [Da08, Lemmas 9 and 10] imply that S = {X1, ...,Xn} is a
non-Gamma set for M (see [Da08, Remark 11]). By Lemma 2.10 we therefore deduce that S is
a non-amenability set for M .
Since Φ∗(X1, ...,Xn) =
∑n
i=1 ‖δ∗i (1 ⊗ 1)‖22 < ∞, the distribution of Xi has no atoms, for every
i. Indeed, by [Vo98, Proposition 7.9], the free entropy χ∗ satisfies χ∗(X1, ...,Xn) > −∞. Since
χ∗(X1)+...+χ∗(Xn) > χ∗(X1, ...,Xn) (see [Vo98, Proposition 7.3]), we deduce that χ∗(Xi) > −∞,
for all i. Finally, since χ∗(Xi) = χ(Xi) (see [Vo98, Proposition 7.6]), by [Vo94, Proposition 4.5]
we get that the distribution of Xi has no atoms, for all i ∈ {1, ..., n}.
As in [Pe04, Section 1.6] it follows that δ is not inner. Moreover, [Pe04, Theorem 2.2] implies
that δ is unbounded. Altogether, we can apply Theorem 1.1 and deduce the conclusion. 
Let (M, τ) be a tracial von Neumann algebra generated by n > 2 algebraically free ∗-subalgebras
A1, ..., An. The next result uses the liberation Fisher information ϕ
∗(A1; ...;An) introduced in
[Vo99, Definition 9.1]. The definition involves the derivations δAi : D(δAi) → L2(M)⊗¯L2(M),
where D(δAi) is the algebra generated by A1, ..., An, δAi(a) = a ⊗ 1 − 1 ⊗ a, if a ∈ Ai, and
δAi(a) = 0, if a ∈ Aj for j 6= i. See [Vo99, Section 5] for more details.
Assuming that ϕ∗(A1; ...;An) =
∑n
i=1 ||δ∗Ai(1⊗1)||22 <∞, Voiculescu proved that δAi is a closable
derivation [Vo99, Corollary 6.3]. Note that the combination of Remark 9.2 (f), Proposition 5.9
(a) and Definition 9.1 from [Vo99] gives that
(4.1) ϕ∗(A1;W ∗(A2, ..., An)) = ϕ∗(A1;C〈A2, ..., An〉) ≤ 2ϕ∗(A1; ...;An)
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Finally, we will also need the following relation between Fisher information and liberation Fisher
information: if Φ∗(X1, ...,Xn) <∞ then ϕ∗(W ∗(X1); ...;W ∗(Xn)) <∞ [Vo99, Corollary 5.11].
Corollary 4.3. Let (M, τ) be a tracial von Neumann algebra which is generated by n > 2 non-
trivial (6= C1) von Neumann subalgebras A1, ..., An. Assume that A1, ..., An have finite liberation
Fisher information ϕ∗(A1; ...;An) <∞, A1 is diffuse, and A2 is a non-amenable II1 factor.
Then M is a non L2-rigid II1 factor. Thus, M is prime, does not have property Γ nor property
(T ). In particular, this is the case if M is generated by m > 3 self-adjoint elements X1, ...,Xm
satisfying Φ∗(X1, ...,Xm) <∞.
Proof. Since A1 is diffuse, by arguing as in [Da08, Theorem 1] it follows that M is a factor.
Indeed, let x ∈ Z(M) and define ηα : M → M by ηα = α(α + δ∗A2δA2)−1, for α > 0. If y ∈ A1,
then δA2(y) = 0, hence ηα(y) = y. This implies that ηα(yx) = yηα(x) and ηα(xy) = ηα(x)y.
In particular, we get that [δA2(ηα(x)), y] = δA2(ηα([x, y])) = 0, for all α > 0 and y ∈ A1.
Since A1 is diffuse and δA2(ηα(x)) can be viewed as a Hilbert-Schmidt operator, we deduce that
δA2(ηα(x)) = 0. Since ‖ηα(x)− x‖2 → 0, as α→∞, and δA2 is closable, we get that x ∈ D(δ¯A2)
and δ¯A2(x) = 0. Thus, for every y ∈ A2, we have 0 = δ¯A2([x, y]) = [x, y⊗1−1⊗y] = [y, [x, 1⊗1]].
Now, since A2 is diffuse we get that [x, 1⊗ 1] = 0, which implies that x ∈ C1, as claimed.
Since A2 is a non-amenable II1 factor, by [Co76] we can find a non-amenability set S ⊂ A2. But
then S is a non-amenability set for M which is contained in D(δA2). Since A1 is diffuse, δA2 is
not inner and hence in not bounded by [Pe04, Theorem 2.2]. Thus, we can apply Theorem 1.1
to derive the conclusion.
Now, assume that M is generated by m > 3 self-adjoint elements with Φ∗(X1, ...,Xm) <∞. Let
A1 be the von Neumann algebra generated by X1 and A2 the von Neumann algebra generated
by X2, ...,Xm. Since Φ
∗(X1, ...,Xm) < ∞, as in the proof of Corollary 1.2, we deduce that the
distributions of X1, ...,Xm have no atoms. As a consequence, A1 and A2 are diffuse. Moreover,
by [Da08, Theorem 13], A2 is a non-amenable II1 factor.
Since Φ∗(X1, ...,Xm) < ∞, we have that ϕ∗(W ∗(X1); ...;W ∗(Xn)) < ∞. By using equation 6.3
we further get that ϕ∗(A1;A2) 6 2ϕ∗(W ∗(X1); ...;W ∗(Xm)) < ∞. Altogether, the above shows
that M is non L2-rigid factor. 
5. Lipschitz conjugate variables and absence of Cartan subalgebras
This section is mainly devoted to the proof Theorem 1.3.
5.1. Proof of Theorem 1.3. We claim that the Lipschitz condition implies that the first and
second conjugate variables are bounded. Firstly, Voiculescu (see equation (1) in [Da08]) noticed
that for all x ∈M0 = C〈X1, ...,Xn〉 we have
(5.1)
n∑
i=1
(δi(x)(Xi ⊗ 1)− (1⊗Xi)δi(x)) = x⊗ 1− 1⊗ x.
Moreover, this identity holds for every x ∈ D(δ¯). Thus, if x ∈ D(δ¯) satisfies δ¯(x) ∈ (M⊗¯Mop)⊕n ,
then x = τ(x)+EM⊗1(
∑n
i=1(δi(x)(Xi⊗1)−(1⊗Xi)δi(x))) and therefore x ∈M . This implies that
J1(Xi : C〈X1, ....,Xi−1,Xi+1, ...,Xn〉 = ξi = δ∗i (1 ⊗ 1) ∈ M , for every i ∈ {1, ..., n}. Now, recall
that J2(Xi : C〈X1, ...,Xi−1,Xi+1, ...,Xn〉) = δ∗i (ξi ⊗ 1). Since by the second formula in [Vo98,
Proposition 4.1] (applied to a = ξi and η = 1⊗ 1) we have that δ∗i (ξi ⊗ 1) = ξ2i − (τ ⊗ id)(δ¯i(ξi)),
we conclude that J2(Xi : C〈X1, ...,Xi−1,Xi+1, ...,Xn〉) ∈ M , for all i ∈ {1, ..., n}. This proves
our claim.
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Since Φ∗(X1, ...,Xn) =
∑n
i=1 ‖δ∗i (1 ⊗ 1)‖22 < ∞, [Da08, Theorem 13] implies that M is a II1
factor without property Gamma. Moreover, since the first and second order conjugate variables
are bounded, S = {X1, ...,Xn} is a non-Gamma set for M (see [Da08, Lemma 9 and 10, and
Remark 11]). Lemma 2.10 gives that S is a non-amenability set for M .
Let Q be either C1 or a II1 factor. Our aim is to show that M⊗¯Q does not have a Cartan
subalgebra. Assume by contradiction that there is a Cartan subalgebra A ⊂ M⊗¯Q. Denote
M˜ = M ∗ L(F∞). Let αt : M → M˜ be the ∗-homomorphisms provided by Theorem 3.6. We
extend αt to a ∗-homomorphism αt :M⊗¯Q→ M˜⊗¯Q by letting αt|Q = idQ.
The rest of the proof is divided between three claims.
Claim 1. Given t > 0, there exist projections pt, qt, rt ∈ Z(αt(M)′∩M˜) satisfying pt+qt+rt = 1,
(1) utαt(M)ptu
∗
t ⊂M , for some unitary ut ∈ M˜ ,
(2) vtαt(M)qtv
∗
t ⊂ L(F∞), for some unitary vt ∈ M˜ ,
(3) αt(M)rt ⊀M˜ M and αt(M)rt ⊀M˜ L(F∞).
Proof of Claim 1. SinceM and L(F∞) are factors, the sets of projections satisfying (1) and (2) are
closed taking supremum. Let pt, qt ∈ Z(αt(M)′∩M˜) be the maximal projections satisfying (1) and
(2). [IPP05, Theorem 1.2.1] implies that ptqt = 0. Let rt = 1−pt−qt. If αt(M)rt ≺M˜ M , then, as
M is a factor, the proof of [IPP05, Theorem 5.1] yields a non-zero projection r ∈ Z(αt(M)′∩M˜)rt
and a unitary u ∈ M˜ such that uαt(M)ru∗ ⊂ M . Since r 6 rt, this contradicts the maximality
of pt. Similarly, αt(M)rt ≺M˜ L(F∞) contradicts the maximality of qt. 
Claim 2. rt = 0, for all t > 0.
Proof of Claim 2. Suppose by contradiction that rt 6= 0, for some t > 0.
Since M is a non-amenable II1 factor, by using (3) from Claim 1 and applying [Io12a, Theorem
6.3] to the inclusion αt(M)rt ⊂ M˜ = M ∗ L(F∞) we get that (αt(M)rt)′ ∩ (rtMrt)ω ≺M˜ω C1.
Thus, there exists a non-zero projection r′t ∈ Z((αt(M)rt)′∩(rtM˜rt)ω) = Z(αt(M)′∩M˜ω)rt such
that r′t(αt(M)′ ∩ M˜ω)r′t is completely atomic. By [Io12a, Lemma 2.7] it follows that r′t ∈ M˜ and
moreover r′t(αt(M)′ ∩ M˜ω)r′t = r′t(αt(M)′ ∩ M˜ )r′t.
By combining these facts we deduce that there exists a non-zero projection r′′t ∈ αt(M)′ ∩ M˜
such that r′′t 6 r′t and r′′t (αt(M)′ ∩ M˜ω)r′′t = Cr′′t . Thus, we have (αt(M)r′′t )′ ∩ (r′′t M˜r′′t )ω = Cr′′t .
Next, we denote still by r′′t the projection r′′t ⊗1 ∈ M˜⊗¯Q. We define A1 = αt(A)r′′t and note that
P1 := Nr′′t (M⊗¯Q)r′′t (A1)′′ contains (αt(M)⊗¯Q)r′′t . In particular, P1 contains P0 := αt(M)r′′t ⊗ 1.
Since (αt(M)r
′′
t )
′ ∩ (r′′t M˜r′′t )ω = Cr′′t , by applying Theorem 2.12 we get that one of the following
conditions holds: (a) A1 ≺M˜⊗¯Q 1⊗Q, (b) P1 ≺M˜ M or P1 ≺M˜ L(F∞), or (c) P0 is amenable.
Now, it is easy to see that (a) implies that A ≺M⊗¯Q 1⊗Q. By taking relative commutants (see
e.g. [Va08, Lemma 3.5]) it follows that M ⊗ 1 ≺M⊗¯Q A. Since M is non-amenable while A is
abelian, this is a contradiction. By using (3) from Claim 1 and the fact that M is non-amenable,
we get that (b) and (c) cannot hold either. This altogether provides the desired contradiction. 
Claim 3. τ(qt)→ 0, as t→ 0.
Proof of Claim 3. Since theM -M bimodule L2(〈M˜ , eL(F∞)〉) is isomorphic to (L2(M)⊗¯L2(M))⊕∞
and M is non-amenable, we get that M is not amenable relative to L(F∞) inside M˜ . Since M is
a factor, we also have that M ′ ∩ M˜ = C1 (see [Po83, Remark 6.3]). By [OP07, Corollary 2.3] we
derive that for any net of vectors ξn ∈ L2(〈M˜ , eL(F∞)〉) satisfying ‖xξn‖2 6 ‖x‖2, for all x ∈ M˜ ,
and ‖yξn − ξny‖2 → 0, for all y ∈M , we must have that ‖ξn‖2 → 0.
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Let ξt = v
∗
t eL(F∞)vtqt ∈ L2(〈M˜, eL(F∞)〉), for any t > 0. Since vtαt(M)qtv∗t ⊂ L(F∞), we get that
αt(y)ξt = ξtαt(y), for all y ∈ M . Also, ‖xξt‖2, ‖ξtx‖2 6 ‖x‖2, for all x ∈ M˜ and every t > 0.
Thus, if y ∈M , then ‖yξt− ξty‖2 6 2‖y−αt(y)‖2. Since ‖αt(y)− y‖2 → 0, by using the previous
paragraph we conclude that ‖ξt‖2 → 0, as t→ 0. Since ‖ξt‖22 = τ(qt), we are done. 
We are now ready to derive a contradiction. Recall that S is a non-amenability set for M and the
M -M bimodule L2(M˜)⊖L2(M) is isomorphic to (L2(M)⊗¯L2(M))⊕∞. Since utαt(M)ptu∗t ⊂M ,
Lemma 2.7 (2) implies that we can find C > 0 such that for all t > 0 we have
(5.2) ‖(αt(x)− EM (αt(x)))pt‖2 6 C
∑
y∈S
‖(αt(y)− y)pt‖2, for all x ∈ (M)1.
Now, let M0 be the ∗-algebra generated by {X1, ...,Xn} and fix x ∈M0 with ‖x‖ 6 1. Theorem
3.6 gives that ‖ 1√
t
(αt(x) − x) −
∑n
i=1 δi(x)#S
(t)
i ‖2 → 0. Note also that EM (δi(x)#S(t)i ) = 0
and ‖∑ni=1 δi(x)#S(t)i ‖2 =
√∑n
i=1 ‖δi(x)‖22 = ‖δ(x)‖2. Claims 2 and 3 together imply that
‖pt−1‖2 → 0. By combining all of these facts and 5.2 we deduce that ‖δ(x)‖2 6 C
∑
y∈S ‖δ(y)‖2.
Since x ∈ (M0)1 is arbitrary, we deduce that δ is bounded. As in the proof of Corollary 1.2, this
leads to a contradiction. 
6. Primeness and absence of Cartan subalgebras for regularized algebras
In this section we establish indecomposibility results for algebras obtained by free additive convo-
lution and liberation. Firstly, for free additive convolution by semicircular variables {S1, ..., Sn},
we prove that algebras of the form Mε = {X1 + εS1, ...,Xn + εSn}′′ are prime and do not have
Cartan subalgebras. More precisely, we have
Theorem 6.1. Let (M, τ) be a tracial von Neumann algebra and X1, ...,Xn ∈ M be n > 2
self-adjoint elements. Let {S1, ..., Sn} ∈ L(Fn) be the canonical semicircular family and ε > 0.
Denote by Mε ⊂M ∗ L(Fn) the von Neumann subalgebra generated by X1 + εS1, ...,Xn + εSn.
Then Mε is a non-L
2-rigid II1 factor that does not have a Cartan subalgebra.
Proof. Fix ε > 0. Then by [Vo98, Corollary 3.9] we have that Jp(X
ε
i : C〈Xε1 , ...,Xεi−1,Xεi+1, ...,Xεn〉)
exists and belongs to Mε, for all p ∈ {1, 2} and i ∈ {1, ..., n}. By Corollary 1.2 it follows that Mε
is a non-L2-rigid II1 factor.
Now, assume by contradiction that Mε has a Cartan subalgebra and denote M˜ = M ∗ L(Fn).
After enlarging M if necessary (e.g. by replacing it with M ∗ L(F2)) we may assume that it is a
factor. Since Mε is a non-amenable factor and M,L(Fn) are factors, by [Io12a, Corollary 9.1] we
can find unitary elements u, v ∈ M˜ and projections p, q ∈ Z(M ′ε ∩ M˜ ) such that uMεpu∗ ⊂ M ,
vMεqv
∗ ⊂ L(Fn) and p + q = 1. Since L(Fn) is strongly solid [OP07], we must have that q = 0,
hence uMεu
∗ ⊂M .
Towards a contradiction, let i ∈ {1, .., n}. We define Ai,Mi and Ni to be the von Neumann
subalgebras of M˜ generated by {Xi+εSi},M∪{Si} and {Sj}j∈{1,...,n}\{i}, respectively. Following
[Vo93, Proposition 4.7], the distribution of Xi + εSi is absolutely continuous with respect to the
Lebesgue measure on R, hence it has no atoms. This implies that Ai is diffuse.
Since uAiu
∗ ⊂ M ⊂ Mi, Ai ⊂ Mi and M˜ = Mi ∗ Ni , by applying [Po83] or [IPP05, Theorem
1.2.1] we derive that u ∈ Mi. Since i ∈ {1, ..., n} was arbitrary, we conclude that u ∈ ∩ni=1Mi.
Now, freeness easily yields that ∩ni=1Mi = M and therefore u ∈ M . Thus, we would get that
Mε ⊂M . This would imply that Si ∈M , for all i ∈ {1, ..., n}, thus giving a contradiction. 
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Our techniques allow us to more generally handle the case of regularization by variables {Y1, ..., Yn}
that have bounded first and second order conjugate variables.
Theorem 6.2. Let (M1, τ1), (M2, τ2) be tracial von Neumann algebras and let M =M1∗M2. Let
X1 ∈M1 \C1,X2, ...,Xn ∈M1 and Y1, ..., Yn ∈M2 \C1 be self-adjoint elements, for some n > 2.
Denote by N ⊂M the von Neumann subalgebra generated by Z1 = X1 + Y1, ..., Zn = Xn + Yn.
Assume that Y1, ..., Yn have bounded first and second order conjugate variables, i.e. we have that
Jp(Yi : C〈Y1, ..., Yi−1, Yi+1, ..., Yn〉) exists and belongs to M2, for all p ∈ {1, 2} and i ∈ {1, ..., n}.
Then N is a non-L2-rigid II1 factor that does not have a Cartan subalgebra.
Proof. Without loss of generality, we may assume thatM1 andM2 are factors, and that τ(Yi) = 0,
for all i ∈ {1, ..., n}. Let M0 ⊂ M be the ∗-subalgebra generated by M1 and {Y1, ..., Yn}. We
define two real closable derivations δ1, δ2 : M0 → L2(M)⊗¯L2(M), by letting δ1(x) = 0 and
δ2(x) = i[x, 1⊗ 1], if x ∈M1, and δ1(y) = i[y, 1 ⊗ 1] and δ2(y) = 0, if y ∈M2.
We continue by proving three facts.
Firstly, let i ∈ {1, ..., n}. Since Y1, ..., Yn have bounded first and second order conjugate variables,
Yi has finite free entropy. By [Vo94, Proposition 4.5], the distribution of Yi is absolutely continuous
with respect to the Lebesgue measure on R. In particular, the distribution of Yi has no atoms.
Secondly, by [Vo98, Proposition 3.7] we have that the conjugate variables
Jp(Zi : C〈Z1, ..., Zi−1, Zi+1, ..., Zn〉) = EN (Jp(Yi : C〈Y1, ..., Yi−1, Yi+1, ..., Yn〉))
exist and belong to N , for every p ∈ {1, 2}, i ∈ {1, .., n}. By combining [Da08, Remark 11] and
Lemma 2.10 we get that F = {Z1, ..., Zn} is a non-Gamma, hence a non-amenability set for N .
Thirdly, let us prove that ∩ni=1L2({M1, Yi}′′) = L2(M1).We start by considering the free difference
quotient ∂i : M0 → L2(M)⊗¯L2(M) with respect to Yi given by ∂i(x) = 0, for x ∈ M1, and
∂i(Yj) = δi,j1 ⊗ 1, for j ∈ {1, ..., n}. By [Vo98, Proposition 3.6], ∂∗i (1 ⊗ 1) exists and is equal to
J1(Yi : C〈Y1, ..., Yi−1, Yi+1, ..., Yn〉)). By [Vo98, Corollary 4.2] we deduce that M0 ⊗M0 ⊂ D(∂∗i ).
Now, let Z ∈ ∩ni=1L2({M1, Yi}′′). Towards proving that Z ∈ L2(M1), take a sequence Zn ∈ M0
such that ‖Zn−Z‖2 → 0. If i ∈ {1, ..., n}, then Z ∈ D(∂i) and ∂i(Z) = 0. SinceM0⊗M0 ⊂ D(∂∗i )
we deduce that 〈∂i(Zn), ζ〉 → 0, for all ζ ∈ M0 ⊗M0. Also, a variant of an identity due to
Voiculescu (see [Da08, equation (1)]) gives that δ1(Zn) = i
∑n
j=1[∂j(Zn)(Xj⊗1)−(1⊗Xj)∂j(Zn)].
We therefore conclude that 〈δ1(Zn), ζ〉 → 0, for all ζ ∈ M0 ⊗M0. This implies that Z ∈ D(δ1)
and δ1(Z) = 0. From this it is easy to see that Z ∈ L2(M1).
Suppose that N either has a Cartan subalgebra or is L2-rigid. Towards getting a contradiction,
we first use the fact that F is contained in the domains of δ1 and δ2 to prove the following:
Claim 1. There exists ξ ∈ L2(M)⊗¯L2(M) such that δ1(x) = [x, ξ], for all x ∈ N ∩M0.
Proof of Claim 1. Let M˜ = M ∗ L(Z) and s ∈ L(Z) be a generating (0, 1) semicircular element.
For t ∈ R and j ∈ {1, 2}, we define α(j)t ∈ Aut(M˜ ) by letting α(j)t (x) = x, if x ∈ Mj , and
α
(j)
t (y) = exp(its)y exp(−its), if y ∈ Mk ∗ L(Z), where k is such that {j, k} = {1, 2}. Then it is
easy to see (e.g., by combining Theorem 3.3 and Remark 3.4) that
(6.1) ‖1
t
(α
(j)
t (x)− x)− δj(x)#s‖2 → 0, as t→ 0, for all x ∈M0.
To get the conclusion, we treat separately the two cases. Asssume first that N has a Cartan
subalgebra. Since N is a non-amenable factor and M1,M2 are factors, [Io12a, Corollary 9.1]
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implies that we can find unitary elements u1, u2 ∈ M and projections p1, p2 ∈ Z(N ′ ∩M) such
that u1Np1u
∗
1 ⊂M1, u2Np2u∗2 ⊂M2 and p1 + p2 = 1.
Let t ∈ R and i ∈ {1, 2}. Then α(i)t (ui)α(i)t (N)α(i)t (pi)α(i)t (ui)∗ ⊂ α(i)t (Mi) ⊂M . Also, the M -M
bimodule L2(M˜) ⊖ L2(M) is isomorphic to (L2(M)⊗¯L2(M))⊕∞. Since F is a non-amenability
set for N , Lemma 2.7 (2) provides a constant C > 0 such that for all x ∈ (N)1 we have
(6.2) ‖(α(i)t (x)− EM (α(i)t (x)))α(i)t (pi)‖2 6 C
∑
y∈F
‖α(i)t (y)− y‖2.
Note that EM (δi(x)#s) = 0, for all x ∈ M0. Thus, combining equations 6.1 and 6.2 yields that
‖δi(x)pi‖2 6 C
∑
y∈F ‖δ(y)‖2, for all x ∈ (N ∩M0)1. Since δ1(x)p2 = i[x, 1 ⊗ 1]p2 − δ2(x)p2,
we get that ‖δ1(x)p2‖2 6 2 + C
∑
y∈F ‖δ(y)‖2, for all x ∈ (N ∩M0)1. Since p1 + p2 = 1, it
follows that the restriction of δ1 to N ∩M0 is bounded. The conclusion follows as in the proof
of [Pe04, Theorem 2.2].
Now, assume that N is L2 rigid. Note that the restriction of δ1 to N ∩M0 is a real closable
derivation into L2(M)⊗¯L2(M). Since L2(M)⊗¯L2(M) is isomorphic to a N -N sub-bimodule of
(L2(N)⊗¯L2(N))⊕∞ and N ∩M0 contains a non-amenability set for N , Theorem 1.1 implies that
δ1 is bounded on N ∩M0. The conclusion now follows as above. 
Now, by the definition of δ1 we have that δ1(Zj) = i[Yj , 1⊗1]. Denote η = −iξ ∈ L2(M)⊗¯L2(M).
Since Claim 1 yields that δ1(Zi) = [Zi, ξ], we conclude that
(6.3) [Yi, 1⊗ 1] = [Zi, η], for all i ∈ {1, ..., n}.
Next, we identify L2(M)⊗¯L2(M) with L2(M⊗¯Mop) in the natural way such that the M -M
bimodule structure of L2(M)⊗¯L2(M) corresponds to the left multiplication action of M⊗¯Mop
on L2(M⊗¯Mop). We can therefore rewrite 6.3 as
(6.4) Yi ⊗ 1− 1⊗ Y opi = (Zi ⊗ 1− 1⊗ (Zi)op)η, for all i ∈ {1, ..., n}.
Claim 2. η ∈ L2(M1)⊗¯L2(M1) ∼= L2(M1⊗¯Mop1 ).
Proof of Claim 2. Fix i ∈ {1, ..., n} and denote by M (i) = {M1, Yi}′′ the von Neumann algebra
generated by M1 and Yi. Since Xi ∈M1 \C1 and the distribution of Yi has no atoms, employing
[Be06, Theorem 4.1] we derive that the distribution of Zi = Xi+Yi is absolutely continuous with
respect to the Lebesgue measure on R and thus has no atoms. This implies that the self-adjoint
element Ti := Zi ⊗ 1− 1⊗ (Zi)op ∈M⊗¯Mop has no kernel.
For δ > 0, let Aδ = {r ∈ R||r| > δ} and fδ : R→ R be the Borel function fδ(r) = 1r1Aδ(r). Since
Ti has no kernel, fδ(Ti)Ti = 1Aδ (Ti) → id, in the strong operator topology, as δ → 0. Thus, by
using formula 6.4 we derive that ‖fδ(Ti)(Yi ⊗ 1 − 1 ⊗ Y opi ) − η‖2 = ‖(fδ(Ti)Ti − 1)η‖2 → 0, as
δ → 0. Since Yi ∈M (i) and Ti ∈M (i)⊗¯M (i)op, we get that fδ(Ti)(Yi⊗1−1⊗Y opi ) ∈M (i)⊗¯M (i)op.
We deduce that η ∈ L2(M (i)⊗¯M (i)op) ∼= L2(M (i))⊗¯L2(M (i)), for all i ∈ {1, ..., n}. Since we
proved that ∩ni=1L2(M (i)) = L2(M1), we conclude that η ∈ L2(M1)⊗¯L2(M1), as claimed. 
Let P be the orthogonal projection from L2(M)⊗¯L2(M) onto L2(M)⊗¯L2(M1). Equation 6.3
gives that Y1⊗1−1⊗Y1 = Z1η−ηZ1. Since EM1(Y1) = 0 and η ∈ L2(M1)⊗¯L2(M1), by applying
P to the last identity, we deduce that Y1 ⊗ 1 = Z1η − ηX1. Hence 1 ⊗ Y1 = ηY1. Since Y1 is
diffuse, this implies that η = 1 ⊗ 1 and further that X1 ⊗ 1 = 1 ⊗X1. Thus, X1 ∈ C1, which is
the desired contradiction. 
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Finally, we prove an indecomposability result for regularized algebras obtained by liberation in
the sense of [Vo99, Section 2].
Theorem 6.3. Let (M1, τ1), (M2, τ2) be tracial von Neumann algebras and M = M1 ∗M2. Let
A1, ..., An ⊂M1 be diffuse von Neumann subalgebras and u1, ..., un ∈M2 be unitary elements, for
some n > 2. Denote by N ⊂M the von Neumann subalgebra generated by u1A1u∗1, ..., unAnu∗n .
Assume that A1 is a non-amenable II1 factor and that u2 6∈ Cu1.
Then N is a non-L2-rigid II1 factor that does not have a Cartan subalgebra.
Proof. Let us first show that N is a factor. Let x ∈ Z(N). Then [u∗1xu1, A1] = [u∗2xu2, A2] = 0.
Since A1, A2 ⊂ M1 are diffuse, applying [Po83] or [IPP05, Theorem 1.2.1] gives that u∗1xu1 and
u∗2xu2 belong to M1. Equivalently, x ∈ u1M1u∗1 ∩ u2M1u∗2. Since u1, u2 ∈ M2 and u2 6∈ Cu1, we
get that x ∈ C1.
Next, let M0 ⊂ M be the ∗-subalgebra generated by M1 and M2. Consider the real closable
derivation δ1 : M0 → L2(M)⊗¯L2(M) by letting δ1(x) = 0, if x ∈ M1, and δ1(y) = i[y, 1 ⊗ 1], if
y ∈M2. Since A1 is a non-amenable II1 factor, [Co76] implies that there exists a non-amenability
set F ⊂ A1. Thus, u1Fu∗1 is a non-amenability set for N which is contained in the domain of δ1.
If N is either L2-rigid or has a Cartan subalgebra, then the proof of Theorem 6.2 implies that
there exists ξ ∈ L2(M)⊗¯L2(M) such that δ1(x) = [x, ξ], for all x ∈ N ∩M0.
To get a contradiction, let j ∈ {1, ..., n}. Since Aj is diffuse, we can find a self-adjoint element
Xj ∈ Aj which generates a diffuse algebra. If we define Zj = ujXju∗j then we have
[Zj , ξ] = δ1(ujXju
∗
j ) = i([uj , 1⊗ 1]Xju∗j + ujXj[u∗j , 1⊗ 1]) = i[Zj , 1⊗ 1− uj ⊗ u∗j ].
Since Zj is diffuse, we deduce that ξ = i(1 ⊗ 1 − uj ⊗ u∗j ) for all j ∈ {1, ..., n}. This implies in
particular that u1 ⊗ u∗1 = u2 ⊗ u∗2, and hence that u2 ∈ Cu1, which gives a contradiction. 
7. Algebraic derivations and absence of Cartan subalgebras
The main goal of this section is to establish a general result showing absence of Cartan subalgebras
for any II1 factor M admitting certain unbounded “algebraic” derivations. More precisely:
Theorem 7.1. Let M be a II1 factor, B ⊂ M be a von Neumann subalgebra and M0 ⊂ M be
a weakly dense ∗-subalgebra, such that M0 contains a non-amenability set for M relative to B.
Assume that for any non-zero projection r ∈ B′ ∩M , there exists a mixing B-B sub-bimodule H
of L2(M) such that rHr 6= {0}. Let D(δ) ⊂M be a ∗-subalgebra which contains M0 and B.
Assume that there exists a real derivation δ : D(δ) → L2(〈M,eB〉) such that δ|M0 is unbounded,
δ∗(eB) exists and belongs to M0, and δ(b) = 0, for all b ∈ B.
Also, suppose that M0 is finitely generated and δ(M0) ⊂ span M0eBM0. More generally, suppose
that M0 = ∪n>1Mn, where Mn is a finitely generated ∗-subalgebra such that Mn ⊂ Mn+1 and
δ(Mn) ⊂ span MneBMn, for all n > 1.
Then M has no Cartan subalgebra and does not have property Gamma.
The mixingness condition was inspired by [Ho12, Corollary C], where it is shown that if an
orthogonal representation π : G→ O(HR) contains a mixing subrepresentation, then the II1 factor
Γ(HR)
′′ ⋊G associated to the corresponding free Bogoljubov action has no Cartan subalgebra.
Before proceeding to the proof of Theorem 7.1, let us derive several consequences of it. Firstly,
note that Corollary 1.4 corresponds precisely to the case B = C1. Secondly, let us deduce
Corollary 1.5.
UNBOUNDED DERIVATIONS AND INDECOMPOSABILITY RESULTS FOR II1 FACTORS 23
7.1. Proof of Corollary 1.5. Recall that M =M1 ∗BM2. Let D(δ) be the ∗-algebra generated
by M1 and M2 and define δ : D(δ) → L2(〈M,eB〉) by letting δ(x) = i[x, eB ], if x ∈ M1, and
δ(x) = 0, if x ∈M2. Then it is easy to see that δ is a real derivation and δ∗(eB) = 0.
Let M1,n ⊂ M1 and M2,n ⊂M2 be increasing sequences of finitely generated ∗-subalgebras such
that M1,0 = ∪n>1M1,n is weakly dense in M1 and M2,0 = ∪n>1M2,n is weakly dense in M2.
Assume that u ∈ M1,1 and v ∈ M2,1. Denote by Mn the algebra generated by M1,n and M2,n.
Then M0 = ∪n>1Mn is weakly dense in M and δ(Mn) ⊂ spanMneBMn, for all n > 1. Since u, v
are unitaries, u ∈M1⊖B and v ∈M2⊖B, it follows that ‖δ((uv)n)‖2 =
√
2n, for all n > 1. This
shows that δ|M0 is unbounded. Thus, δ satisfies all the assumptions required in Theorem 7.1.
We continue by verifying the rest of the assumptions from Theorem 7.1.
We first claim that M is a factor and does not have property Gamma. Let x ∈M ′ ∩Mω. Since
EB(u) = EB(v) = EB(w) = EB(w
∗v) = 0, [Io12a, Lemma 6.1] gives that M ′ ∩Mω ⊂ Bω, and
thus x ∈ Bω. Recall that zBz∗ ⊥ B, for some z ∈ {u, v}. Therefore, 〈z(x−τ(x))z∗, x−τ(x)〉 = 0.
On the other hand, since x commutes with z, we have that z(x− τ(x))z∗ = x− τ(x). Altogether,
it follows that x = τ(x) ∈ C1, thereby proving the claim.
Next, using the same argument as in the proof of [Io12a, Lemma 6.1], we prove that S = {u, v, w}
is a non-amenability set for M relative to B. For i ∈ {1, 2}, we denote by Wi ⊂ M the set of
alternating words in M1 ⊖ B and M2 ⊖B which start in Mi ⊖ B, and by Hi ⊂ L2(〈M,eB〉) the
‖.‖2-closure of the linear span of WieBM . Let H0 ⊂ L2(〈M,eB〉) be the ‖.‖2-closure of eBM .
Then L2(〈M,eB〉) = H0⊕H1⊕H2. For i ∈ {0, 1, 2}, let ei be the orthogonal projection onto Hi.
Notice that if x ∈ M1 ⊖ B and y ∈ M2 ⊖ B then xH2x∗ ⊂ H1 and yH1y∗ ⊂ H2. Since
EB(u) = EB(v) = EB(w) = EB(w
∗v) = 0, we deduce that
(7.1) uH2u∗ ⊂ H1, vH1v∗ ⊂ H2, wH1w∗ ⊂ H2 and vH1v∗ ⊥ wH1w∗.
Now, let ξ ∈ L2(〈M,eB〉) and denote Cξ =
∑
z∈S ‖zξz∗ − ξ‖2. Then equation 7.1 implies that
‖e2(u∗ξu)‖2 6 ‖e1(ξ)‖2 and ‖e1(v∗ξv)‖22 + ‖e1(w∗ξw)‖22 6 ‖e2(ξ)‖22.
These inequalities further imply that ‖e2(ξ)‖2−Cξ 6 ‖e1(ξ)‖2 and
√
2(‖e1(ξ)‖2−Cξ) 6 ‖e2(ξ)‖2.
From this it is easy to derive that ‖e1(ξ)‖2 6 6Cξ and ‖e2(ξ)‖2 6 7Cξ . Since uH0u∗ ⊂ H1, we
similarly get that ‖e0(ξ)‖2 6 ‖e1(ξ)‖2 + Cξ 6 7Cξ . Altogether, it follows that ‖ξ‖2 6 20Cξ ,
proving that S is indeed a non-amenability set relative to B.
Finally, let r ∈M be a non-zero projection. We claim that there exists a mixing B-B bimodule
H ⊂ L2(M) such that rHr 6= {0}. Assume by contradiction that this is false. Let z1, z2 ∈ {u, v}
such that z1Bz
∗
1 ⊥ B and {z1, z2} = {u, v}. Denote z = z2z1. Then for every k > 1, by using
freeness, it is clear that zkBzk
∗ ⊥ B. Thus, the B-B bimodule Hk = BzkB
‖.‖2
is isomorphic to
the coarse B-B bimodule, L2(B)⊗¯L2(B), and is therefore mixing.
By our assumption we have that rHkr = {0}, hence rzkr = 0, for all k > 1. In particular, we
get that ( 1n
∑n
k=1 z
k∗rzk)r = 0, for all n > 1. Let D ⊂ M denote the von Neumann subalgebra
generated by z. Von Neumann’s ergodic theorem implies that 1n
∑n
k=1 z
k∗rzk converges in ‖.‖2 to
ED′∩M (r), as n → ∞. Thus, we derive that ED′∩M (r)r = 0 and further that (ED′∩M (r))2 = 0.
Since r > 0 it follows that ED′∩M (r) = 0 and τ(r) = τ(ED′∩M (r)) = 0, hence r = 0. This
provides the desired contradiction.
Altogether, we can apply Theorem 7.1 and derive the conclusion. 
In the proof of Theorem 7.1 we will need the following technical result which says that if L2(M)
contains “enough” mixing B-B bimodules, then no Cartan subalgebra of M can be embedded
into B. More precisely, we have
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Proposition 7.2. Let M be a II1 factor and B ⊂ M be a von Neumann subalgebra. Assume
that for any non-zero projection r ∈ B′∩M , there exists a mixing B-B sub-bimodule H of L2(M)
such that rHr 6= {0}.
(1) If A ⊂M is a Cartan subalgebra, then A ⊀M B.
(2) If M has property Γ, then M ′ ∩Mω ⊀Mω Bω. Moreover, in this case, let (N, τ ′) be any
tracial von Neumann algebra containing B such that τ|B = τ ′|B and denote M˜ =M ∗BN .
Then M ′ ∩Mω ⊀M˜ω Bω.
Proof. (1) Assume by contradiction that A ⊂M is a Cartan subalgebra such that A ≺M B. Then
we can find projections p ∈ A, q ∈ B, a non-zero partial isometry v ∈M and a ∗-homomorphism
φ : Ap→ qBq such that v∗v = p, q0 = vv∗ 6 q and φ(x)v = vx, for all x ∈ Ap.
Towards a contradiction, let r ∈ B′ ∩M be the smallest projection such that q0 6 r. By the
hypothesis we can find a mixing B-B bimodule H ⊂ L2(M) such that rHr 6= {0}. Denote by e
the orthogonal projection from L2(M) onto H.
Denote B0 = φ(Ap) ⊂ qBq. Fix u ∈ NpMp(Ap) and denote by θ the automorphism of B0 given
by θ = φ ◦ Ad(u) ◦ φ−1. Then we have that
(7.2) vuv∗ y = θ(y) vuv∗ for all y ∈ B0
Since B0 is diffuse, we can find a sequence yn ∈ U(B0) such that yn → 0, weakly. Since H is
a B-B bimodule by using equation 7.2 we get that e(vuv∗)yn = θ(yn)e(vuv∗), for all n. Hence
we have that 〈θ(y∗n)e(vuv∗)yn, e(vuv∗)〉 = ‖e(vuv∗)‖22, for all n. Since yn → 0 weakly and H is a
mixing B-B bimodule, we derive that e(vuv∗) = 0.
Since this holds for any unitary u ∈ NpMp(Ap) and Ap ⊂ pMp is a Cartan subalgebra, we
conclude that e(q0Mq0) = e(vpMpv
∗) = {0}. Let us show that this implies that e(rMr) = {0}.
Indeed, denote by K the ‖.‖2 closure of the convex hull of the set {wq0w∗|w ∈ U(B)}. Since
e(q0Mq0) = {0} and e is the orthogonal projection onto a B-B bimodule, it follows that we have
e(zMz) = {0}, for all z ∈ K. Since EB′∩M (q0) ∈ K (more precisely, EB′∩M (q0) is the unique
element of minimal ‖.‖2 in K) we get that e(EB′∩M (q0)MEB′∩M (q0)) = {0}. Since r is equal
to the support of EB′∩M (q0), we have that EB′∩M (q0)MEB′∩M (q0) is a ‖.‖2-dense subspace of
rMr. Thus, we would get that e(rMr) = {0} or, equivalently, that rHr = {0}, which provides
the desired contradiction.
(2) First, assume by contradiction that M has property Gamma and that M ′ ∩Mω ≺Mω Bω.
Let {yi}i>1 be a ‖.‖2 dense sequence in M . Since M has property Gamma, by a construction of
Popa (see the proof of [Oz03, Proposition 7]) we can find diffuse abelian von Neumann subalgebras
{An}n>1 of M such that for all n we have that An+1 ⊂ An and that
(7.3) ‖yi − EA′n∩M (yi)‖2 6
1
n
, for all 1 6 i 6 n.
Then we have
Claim. An ≺M B, for some n > 1.
Proof of the claim. Denote by Aω =
∏ω
n=1An the von Neumann subalgebra of M
ω consisting of
all x = (xn)n such that limn→ω ‖xn − EAn(xn)‖2 = 0.
Then 7.3 implies that Aω ⊂ M ′ ∩Mω. Since M ′ ∩Mω ≺Mω Bω, we get that Aω ≺Mω Bω.
Thus, we can find projections p ∈ Aω, q ∈ Bω, a non-zero partial isometry v ∈ qMωr and a
∗-homomorphism φ : Aωp→ qBωq such that φ(x)v = vx, for all x ∈ Aωr.
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Let δ = ‖EBω (vv∗)‖2. Then ||EBω (vuv∗)||2 = δ, for all u ∈ U(Aωp). Write p = (pn)n and
v = (vn)n, where pn ∈ An is a projection and vn ∈M , for all n.
If the claim is false, then An ⊀M B and thus Anpn ⊀M B, for all n > 1. Thus, for every n > 1, we
can find a unitary un ∈ Anpn such that ‖EB(vnunv∗n)‖2 6 δ2 . Then the unitary u = (un) ∈ Aωp
satisfies ‖EBω (vuv∗)‖2 = limn→ω ‖EB(vnunv∗n)‖2 6 δ2 , which gives a contradiction. 
Let n such that An ≺M B. Then we can find projections p ∈ An, q ∈ B, a non-zero partial
isometry v ∈ qMp and a ∗-homomorphism φ : Anp→ qBq such that φ(x)v = vx, for all x ∈ Anp.
Denote q0 = vv
∗ 6 q and let r ∈ B′ ∩M be the smallest projection such that q0 6 r. The
hypothesis implies the existence of a non-zero mixing B-B bimodule H ⊂ L2(M) such that
rHr 6= {0}. Denote by e the orthogonal projection from L2(M) onto H.
Now, let N > n, u ∈ A′N ∩M and x ∈ ANp. Write x = x0p, where x0 ∈ AN . Since u and x0
commute and v = vp we get that vuv∗φ(x) = vuxv∗ = vux0v∗ = vx0uv∗ = vxuv∗ = φ(x)vuv∗.
This shows that v(A′N ∩M)v∗ ⊂ q0Mq0 commutes with φ(ANp) ⊂ qBq.
Since H is a mixing B-B bimodule and AN is diffuse, by repeating the argument from the
proof of (1) we get that e(v(A′N ∩ M)v∗) = {0}, for all N > n. Equation 7.3 then implies
that e(vyiv
∗) = 0, for all i > 1. By using the ‖.‖2 density of {yi}i>1 in M we conclude that
e(q0Mq0) = e(vMv
∗) = {0} and the end of the proof of (1) yields a contradiction.
To prove the moreover assertion, assume by contradiction that M ′ ∩Mω ≺M˜ω Bω. Then the
above claim implies that An ≺M˜ B, for some n > 1. Since An ⊂ M and M˜ = M ∗B N ,
by [IPP05, Theorem 1.2.1] we get that An ≺M B. Continuing as above yields a contradiction. 
7.2. Proof of Theorem 7.1. Define M˜ =M ∗B (B⊗¯L(Z)) and let {αt}t∈R be the one-parameter
group of automorphisms of M˜ arising from δ as provided by Proposition 3.3. Note that since
δ|B ≡ 0, we have that αt(x) = x, for all x ∈ B and every t ∈ R. Let S ⊂M0 be a non-amenability
set for M relative to B.
The core of the proof consists of proving several claims about the inclusion M ⊂ M˜ .
Claim 1. δ|M0 is unbounded.
Proof of Claim 1. Let s ∈ L(Z) be a semicircular element and L2(〈M,eB〉) ∋ ξ → ξ#s ∈ L2(M˜ )
be the unique embedding of M -M bimodules sending eB to s. Let a, b, c ∈M0. Since δ is a real
derivation, a calculation in the spirit of the proof of [Vo98, Proposition 4.1] gives that
〈aδ∗(eB)b− EM ((δ(a)#s)s)b − aEM (s(δ(b)#s)), c〉 =
〈δ∗(eB), a∗cb∗〉 − 〈δ(a)#s, cb∗s〉 − 〈δ(b)#s, sa∗c〉 =
〈δ(bc∗a)− bc∗δ(a) − δ(b)c∗a, eB〉 = 〈bδ(c∗)a, eB〉 = 〈aeBb, δ(c)〉.
Thus, aeBb belongs to the domain of δ
∗, for all a, b ∈M0. Hence, for all x ∈ D(δ), we have that
‖δ(x)‖2 = sup
y∈ span(M0eBM0), ‖y‖261
|〈δ(x), y〉| = sup
y∈ span(M0eBM0), ‖y‖261
|〈x, δ∗(y)〉|
Since δ is unbounded and M0 ⊂ D(δ) is dense in ‖.‖2, it follows that δ|M0 is unbounded. 
Claim 2. M ′ ∩ M˜ω ⊂Mω.
Proof of Claim 2. Since M˜ = M ∗B (B⊗¯L(Z)), there exists a B-M bimodule K such that
as M -M bimodules we have L2(M˜ ) ⊖ L2(M) ∼= L2(M) ⊗B K. Since S is a non-amenability
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set for M relative to B, the second part of Lemma 2.6 implies that there is κ > 0 such that
‖ξ‖2 6 κ
∑
y∈S ‖yξ − ξy‖2, for all ξ ∈ L2(M˜)⊖ L2(M). This gives that M ′ ∩ M˜ω ⊂Mω. 
Note that since M is a factor, Claim 2 implies that M ′ ∩ M˜ = C1.
Claim 3. αt(M) is not amenable relative to B inside M˜ , and αt(M) ⊀M˜ B⊗¯L(Z), for any t ∈ R.
Proof of Claim 3. Consider the B-M bimodule H = K ⊗B L2(M˜ ), where K is as in the proof
of Claim 2. Then we have that L2(〈M˜, eB〉) ∼= L2(M˜)⊗B L2(M˜) ∼= L2(M)⊗B (L2(M˜)⊕H), as
M -M bimodules. The second part of Lemma 2.6 now implies that S is a non-amenability set for
M relative to B inside M˜ . In particular, M is not amenable relative to B inside M˜ . Since αt
leaves B invariant, we derive that αt(M) is not amenable relative to B inside M˜ , for any t ∈ R.
Assume by contradiction that αt(M) ≺M˜ B⊗¯L(Z), for some t ∈ R. Since αt(M)′ ∩ M˜ = C1,
by [Io12a, Remark 2.2] it follows that αt(M) is amenable relative to B⊗¯L(Z) inside M˜ . Note that
B⊗¯L(Z) is amenable relative to B inside M˜ . Indeed, if u ∈ L(Z) is a generating Haar unitary,
then the vectors ξn =
1√
n
∑n
k=1 u
keBu
k∗ ∈ L2(〈M˜, eB〉) satisfy 〈xξn, ξn〉 = τ(x), for all x ∈ M˜ ,
and ‖yξn − ξny‖2 → 0, for all y ∈ B⊗¯L(Z).
By combining the last two facts and using [OP07, Proposition 2.4 (3)] we deduce that αt(M) is
amenable relative to B inside M˜ . This leads to a contradiction. 
Claim 4. There exists t0 > 0 such that αt(M) ⊀M˜ M , for all t ∈ (0, t0).
Proof of Claim 4. Assuming that the claim is false, we can find a sequence tn → 0 with tn > 0
such that αtn(M) ≺M˜ M , for all n > 1. On the other hand, Claim 3 gives that αtn(M) ⊀M˜ B.
Recall that αtn(M)
′ ∩ M˜ = C1, M is a factor and M˜ =M ∗B (B⊗¯L(Z)). By combining all these
facts, the proof of [IPP05, Theorem 5.1] implies that we can find a unitary operator vn ∈ M˜ such
that vnαtn(M)v
∗
n ⊂M .
Since S is a non-amenability set forM relative to B inside M˜ , Lemma 2.7 (2) provides a constant
C > 0 such that for every n > 1 we have
‖αtn(x)− EM (αtn(x))‖2 6 C
∑
y∈S
‖αtn(y)− y‖2, for all x ∈ (M)1.
Finally, let x ∈ M0. Proposition 3.3 gives that ‖αt(x)−xt − δ(x)#s‖2 → 0, as t → 0. Also, we
have that ‖δ(x)#s‖2 = ‖δ(x)‖2 and EM (δ(x)#s) = 0. By combining these facts with the last
inequality we get that ‖δ(x)‖2 6 C
∑
y∈S ‖δ(y)‖2, for all x ∈M0, which contradicts Claim 1. 
Claim 5. M does not have property Gamma.
Proof of Claim 5. Assume by contradiction that M has property Gamma and let t ∈ (0, t0),
where t0 is given by Claim 4. Proposition 7.2 (2) then implies that M
′ ∩Mω ⊀M˜ω Bω. Since B
is invariant under αt, we get that αt(M)
′ ∩ M˜ω ⊀M˜ω Bω. Also, by the above claims we have that
αt(M) ⊀M˜ B⊗¯L(Z) and αt(M) ⊀M˜ M .
By applying [Io12a, Theorem 6.3] to the inclusion αt(M) ⊂ M˜ = M ∗B (B⊗¯L(Z)), we deduce
that αt(M)p is amenable relative to B inside M˜ , for a non-zero projection p ∈ αt(M)′∩M˜ . Since
αt(M)
′ ∩ M˜ = C1, this would imply that αt(M) is amenable relative to B inside M˜ , which is
false, by Claim 3. 
We are now ready to prove the conclusion of Theorem 7.1. Thus, assume by contradiction that
M has a Cartan subalgebra A. Let t ∈ (0, t0). Note that αt(M) ⊂ NM˜(αt(A))′′ and therefore
αt(M) ⊂ NM˜(αt(A))′′. By combining Claims 2 and 5, we get that M ′∩ M˜ω = C1. Thus, we also
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have that αt(M)
′ ∩ M˜ω = C1. Altogether, we are in position to apply Theorem 2.12 (in the case
Q = C1) and deduce that one of the following conditions holds:
(1) αt(A) ≺M˜ B.
(2) αt(M) ≺M˜ M .
(3) αt(M) ≺M˜ B⊗¯L(Z).
(4) αt(M) is amenable relative to B inside M˜ .
Since αt leaves B invariant, condition (1) implies that A ≺M˜ B. Since A ⊂M , [IPP05, Theorem
1.2.1] implies that A ≺M B. This however cannot happen by Proposition 7.2 (1). Since conditions
(2)-(4) are also false as shown above, we get a contradiction. 
8. Algebraic cocycles and uniqueness of Cartan subalgebras
In this final section we first prove a slightly more general form of Theorem 1.6 and then derive
Corollary 1.7.
Theorem 8.1. Let Γ be a group satisfying all the assumptions from Theorem 1.6. Assume that
Γ′ is a group which admits a finite normal subgroup N such that Γ′/N ∼= Γ.
Then L∞(X) is the unique Cartan subalgebra of L∞(X) ⋊ Γ′, up to unitary conjugacy, for any
free ergodic probability measure preserving action Γ′ y (X,µ).
Proof. Let Λ < Γ be a subgroup and b : Γ → C(Γ/Λ) a cocycle satisfying the hypothesis of
Theorem 1.6. After replacing b with its real or imaginary part, we may assume that we have
b(Γ) ⊂ R(Γ/Λ). For g ∈ Γ, write b(g) = ∑hΛ∈Γ/Λ cg,hΛδhΛ, where cg,hΛ ∈ R.
Consider the isometry V : ℓ2(Γ/Λ) → L2(〈L(Γ), eL(Λ)〉) given by V (δhΛ) = uheL(Λ)u∗h. Then
V (π(g)ξ) = ugξu
∗
g, where π : Γ→ ℓ2(Γ/Λ) is the quasi-regular representation π(g)(δhΛ) = δghΛ.
We define δ : CΓ→ L2(〈L(Γ), eL(Λ)〉) by putting δ(ug) = i V (b(g))u∗g , or, explicitely,
δ(ug) = i
∑
hΛ∈Γ/Λ
cg,hΛ uheL(Λ)u
∗
h ug, for all g ∈ Γ.
Then it is easy to see that δ is a real derivation. Since b|Λ ≡ 0, we have that δ|CΛ ≡ 0. As for every
g ∈ Γ we have that Tr(δ(ug)eL(Λ)) = δg,ece,eΛ = δg,e〈b(e), δeΛ〉 = 0, it follows that δ∗(eL(Λ)) = 0.
Since b(Γn) ⊂ C(ΓnΛ/Λ), we get that δ(CΓn) ⊂ span(CΓneL(Λ)CΓn), for all n > 1. Since CΓn is
finitely generated and CΓ = ∪n>1CΓn, we are in position to apply Proposition 3.3.
Let Γ˜ = Γ ∗Λ (Λ×Z) and s ∈ L(Z) a generating semicircular element. Proposition 3.3 provides a
one-parameter group of automorphisms {αt}t∈R of L(Γ˜) satisfying ‖αt(ug)−ugt − δ(ug)#s‖2 → 0,
for all g ∈ Γ. Since δ|CΛ ≡ 0 and δ∗(eL(Λ)) = 0, we have that αt(x) = x, for all x ∈ L(Λ× Z).
For f ∈ ℓ∞(Γ/Λ) and h ∈ Γ, we define σ(h)(f) ∈ ℓ∞(Γ/Λ) by letting σ(h)(f)(gΛ) = f(h−1gΛ).
Since Λ is not co-amenable in Γ, there exists a finite set S ⊂ Γ such that there is no σ(S)-invariant
state on ℓ∞(Γ/Λ). Consider the unital ∗-homomorphism ρ : ℓ∞(Γ/Λ) → 〈L(Γ), eL(Λ)〉 given by
ρ(f) =
∑
gΛ∈Γ/Λ f(gΛ)ugeL(Λ)u
∗
g. Then ρ(σ(h)(f)) = uhρ(f)u
∗
h, for all h ∈ Γ. Thus, there is no
S-central state on 〈L(Γ), eL(Λ)〉 and hence S is a non-amenability set for L(Γ) relative to L(Λ).
Since δ is unbounded and S ⊂ Γ is a non-amenability set for L(Γ) relative to L(Λ), Claims 1-3
from the proof of Theorem 7.1 (applied here verbatim in the case M = L(Γ) and B = L(Λ)) give
the following:
• L(Γ)′ ∩ L(Γ˜)ω ⊂ L(Γ)ω.
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• αt(L(Γ)) is not amenable relative to L(Λ) inside L(Γ˜), for any t ∈ R.
• αt(Γ) ⊀L(Γ˜) L(Λ× Z), for any t ∈ R.
• there exists t0 > 0 such that αt(L(Γ)) ⊀L(Γ˜) L(Γ), for any t ∈ (0, t0).
Now, let Γ′ y (X,µ) be a free ergodic p.m.p. action. Define M = L∞(X) ⋊ Γ′ and let A be a
Cartan subalgebra of M . We want to show that A is unitarily conjugate to L∞(X).
To this end, let ∆ : M → M⊗¯L(Γ) be the ∗-homomorphism given by ∆(aug) = aug ⊗ up(g),
for all a ∈ L∞(X) and g ∈ Γ′ [PV09]. Here, p : Γ′ → Γ denotes the quotient homomorphism.
Further, we fix t ∈ (0, t0) and define θt = (idM ⊗ αt) ◦∆ :M →M⊗¯L(Γ˜).
Then θt(M) ⊂ NM⊗¯L(Γ˜)(θt(A))′′, therefore ug⊗αt(up(g)) ∈ NM⊗¯L(Γ˜)(θt(A))′′, for all g ∈ Γ. Since
L(Γ)′∩L(Γ˜)ω ⊂ L(Γ)ω and L(Γ) does not have property Gamma, we have αt(L(Γ))′∩L(Γ˜)ω = C1.
By applying Theorem 2.12 we conclude that one of the following conditions holds:
(1) θt(A) ≺M⊗¯L(Γ˜) M⊗¯L(Λ).
(2) αt(L(Γ)) ≺L(Γ˜) L(Γ).
(3) αt(L(Γ)) ≺L(Γ˜) L(Λ× Z).
(4) αt(L(Γ)) is amenable relative to L(Λ) inside L(Γ˜).
Since conditions (2)-(4) cannot hold by the above, condition (1) must be true. Since αt leaves
L(Λ) invariant, (1) is equivalent to having ∆(A) ≺M⊗¯L(Γ˜) M⊗¯L(Λ). Since ∆(A) ⊂M⊗¯L(Γ) and
L(Γ˜) = L(Γ) ∗L(Λ) L(Λ× Z), [IPP05, Theorem 1.2.1] gives that ∆(A) ≺M⊗¯L(Γ) M⊗¯L(Λ).
By using [Io12a, Lemma 7.2] we derive that A ≺M L∞(X) ⋊ p−1(Λ). For i ∈ {1, 2, ...,m},
let g′i ∈ Γ′ such that p(g′i) = gi. Since M is a factor, [HPV10, Proposition 8] implies that
A ≺M L∞(X) ⋊ (∩mi=1g′ip−1(Λ)g′i−1). Since ∩mi=1giΛg−1i is finite, ∩mi=1g′ip−1(Λ)g′i−1 is also finite.
By combining the last two facts we get that A ≺M L∞(X). Since A and L∞(X) are Cartan
subalgebras of M , [Po01, Theorem A.1] yields that they are unitarily conjugate (see also [Va06,
Theorem C.3]). 
Turning to the proof of Corollary 1.7, let us first establish the following technical result.
Lemma 8.2. Let G be a countable group, Λ < G be a subgroup, and θ : Λ → G be an injective
group homomorphism. Assume that Λ 6= G and θ(Λ) 6= G. Denote by Γ = HNN(G,Λ, θ) the
corresponding HNN extension. Then we have
(1) If ∩mi=1hiΛh∗i = {e}, for some h1, h2, ..., hm ∈ Γ, then Γ is not inner amenable.
(2) Λ is not co-amenable in Γ.
Remark 8.3. If Λ = G or θ(Λ) = G, then Λ is co-amenable in Γ by [MP03, Proposition 2].
Proof. Recall that Γ = 〈G, t | tλt−1 = θ(λ),∀λ ∈ Λ〉, where t is the so-called stable letter. Let
A ⊂ G and B ⊂ G be sets of representatives of the left cosets of Λ and θ(Λ) in G, respectively.
We assume that e ∈ A ∩B. Since Λ 6= G 6= θ(Λ), we can find a ∈ A \ {e} and b ∈ B \ {e}.
Below, we will implicitly use the normal form theorem [LS77, Chapter IV, Theorem 2.1]: every
g ∈ Γ can be uniquely written as a product g = gntεngn−1...g1tε1g0, for some g0, g1, ..., gn ∈ G
and ε1, ..., εn ∈ {−1, 1} such that gi ∈ A, if εi = −1, and gi ∈ B, if εi = 1, for all i ∈ {1, 2, ..., n},
and that there is no consecutive subsequence tε, 1, t−ε within the sequence gn, tεn , ..., tε1 , g0.
(1) Assume by contradiction that Γ is inner amenable and let φ : ℓ∞(Γ\{e}) → C be a state which
is invariant under the conjugation action of Γ. For a subset S ⊂ Γ, we denote m(S) = φ(1S\{e}).
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Denote by S the set of all g = gnt
εngn−1...g1tε1g0 ∈ Γ (represented in normal form) such that
n > 1 and gn 6= e. Also, denote by U (respectively, V ) the set of g ∈ Γ such that n > 1, gn = e
and εn = −1 (respectively, εn = 1). Then we have that
t−1St ⊂ U, tSt−1 ⊂ V, aUa−1 ⊂ S, bV b−1 ⊂ S, and aUa−1 ∩ bV b−1 = ∅.
Since m is a Γ-invariant finitely additive measure, these inclusions imply that m(S) 6 m(U),
m(S) 6 m(V ) and m(U)+m(V ) 6 m(S). From this we deduce that m(S) = m(U) = m(V ) = 0.
Since S ∪ U ∪ V ∪G = Γ and m(Γ) = 1, we conclude that m(G) = 1.
Since t−1Gt ∩ G = Λ, we further get that m(Λ) = 1. Finally, since ∩mi=1hiΛh∗i = {e}, we derive
that m({e}) = 1. This contradicts the fact that m({e}) = 0.
(2) Assume by contradiction that Λ is co-amenable inside Γ and let φ : ℓ∞(Γ/Λ) → C be a Γ-
invariant state. For a subset S ⊂ Γ/Λ, we denote m(S) = φ(1S). Also, we denote by π : Γ→ Γ/Λ
the canonical projection, and still consider U, V, S as in (1).
Next, we have that t−1S ⊂ U, tS ⊂ V, aU ⊂ S and bV ⊂ S. Moreover, aπ(U) ∩ bπ(V ) = ∅.
Since π is Γ-equivariant and m is a finitely additive Γ-invariant measure, it follows as above that
m(π(S)) = m(π(U)) = m(π(V )) = 0. Since π(S) ∪ π(U) ∪ π(V ) ∪G/Λ = Γ/Λ and m(Γ/Λ) = 1,
we conclude that m(G/Λ) = 1. Finally, since tG/Λ ∩ G/Λ = ∅, we would get that m(∅) = 1,
which gives the desired contradiction. 
8.1. Proof of Corollary 1.7. Let Γ = HNN(G,Λ, θ). Since ∩mi=1giΛg−1i is finite, it follows that
N = ∩g∈ΓgΛg−1 is a finite normal subgroup of Γ such that N < Λ. Moreover, we can find
h1, h2, ..., hn ∈ Γ such that N = ∩nj=1hjΛh−1j . Denote Γ0 = Γ/N , G0 = G/N , Λ0 = Λ/N and let
p : Γ→ Γ0 be the quotient homomorphism.
Since the stable letter t normalizes N , if g ∈ Λ then θ(g) = tgt−1 ∈ N if and only if g ∈ N .
Therefore, θ : Λ→ G descends to an injective group homomorphism θ0 : Λ0 → G0. Moreover, we
have that Γ0 is naturally isomorphic to HNN(G0,Λ0, θ0) and ∩nj=1p(hj)Λ0p(hj)−1 = {e}. Since
Λ0 6= G0 and θ0(Λ0) 6= G0, by Lemma 8.2 we get that Γ0 is not inner amenable (hence L(Γ0) is
a II1 factor without property Gamma) and Λ0 is not co-amenable inside Γ0.
Next, we define b : Γ0 = HNN(G0,Λ0, θ0) → C(Γ0/Λ0) by letting b(g) = 0, for all g ∈ G0, and
b(t) = tΛ0, where t ∈ Γ0 is the stable letter. Then b is an unbounded cocycle. To see that b is
unbounded, just note that if g ∈ G0 \ Λ0, then ‖b((gt)n)‖2 =
√
n, for all n > 0.
Finally, let {Gn}n>1 be a sequence of finitely generated subgroups of G0 such that G0 = ∪n>1Gn.
Let Γn < Γ0 be the subgroup generated by Gn and t. Then Γn is finitely generated, Γn ⊂ Γn+1
and b(Γn) ⊂ C(ΓnΛ/Λ), for all n. Moreover, ∪n>1Γn = Γ0. Altogether, we can apply Theorem
8.1 to get the conclusion. 
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